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“There are children playing in the streets who could solve some of

my top problems in physics, because they have modes of sensory

perception that I lost long ago. . . ”
Robert Oppenheimer

ii
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Introduction

The invention of the laser in the early 1960’s gave an enormous impulse to the develop-

ment of optical coherence theory. Prior to the laser, coherence theory had mainly been

concerned with thermal sources and had been mainly applied to stationary, ergodic sys-

tems; perhaps its crowning glory was the van Cittert-Zernike theorem (Zernike 1938).

The Hanbury-Brown-Twiss experiment (1956a,b and 1958a,b) demonstrated the rela-

tionship between coherence and intensity correlation (or photon correlation) for thermal

sources and caused some surprise. Initially there was some controversy between the

developers of the quantum mechanical theory of coherence and those developing the ’

semi-classical ’ theory; these misunderstandings have now been cleared up.

As an example, the ghost imaging. Initially seen as manifestation of quantum spookiness,

it is now recognized as being implementable in both single- and many-photon number

regimes. Beyond its scientific curiosity, it is now feeding novel imaging modalities poten-

tially offering performance attributes that traditional approaches cannot match. ‘Ghost

imaging ’ is often understood as imaging using light that has never physically interacted

with the object to be imaged. Instead, one light field interacts with the object and a

separate light field falls onto the imaging detector. Ghost imaging functions by means

of the spatial correlations between these two beams. However, despite the quantum

origin of its initial demonstration [1, 2], it was realized that many of the functionalities

of a ghost imaging [3, 4] system could be demonstrated using classical correlations [5].

Thanks to this kind of classical correlations I want to apply the ghost imaging in the

plenoptic scenaio.

Plenoptic imaging (PI) is a technique aimed at capturing information on the three-

dimensional light field of a given scene in a single shot. Its key principle is to record, in

the image plane, both the location and the propagation direction of the incoming light.

The recorded propagation direction is exploited, in postprocessing, to computationally

retrace the geometrical light path, thus enabling the refocusing of different planes within

the scene and the extension of the depth of field of the acquired image. I have presented

an innovative approach to plenoptic imaging which exploits the fundamental correla-

tion properties of chaotic light to decouple spatial and angular resolution of standard
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Introduction vi

imaging systems. This has enabled us to perform plenoptic imaging at a significantly

higher depth of field with respect to an equivalent standard plenoptic imaging device. As

plenoptic imaging is being broadly adopted in diverse fields such as digital photography,

microscopy, 3D imaging, sensing, and rendering, our proposed scheme has direct appli-

cations in several biomedical and engineering fields. We have analyzed the CPI setup as

an imaging device; potentially, it would also represent an interesting tool to characterize

turbulence, thus enabling volumetric imaging within scattering media. Interestingly, the

coherent nature of the correlation plenoptic imaging technique may lead to innovative

coherent microscopy modality. The merging of plenoptic imaging and correlation quan-

tum imaging has thus the potential to open a totally new line of research and pave the

way towards the promising applications of plenoptic imaging. In viewof practical appli-

cations, it isworthmentioning that the obtained results do not depend on the nature of

the object, whether reflective or transmissive. It is also reasonable to expect the CPI

procedure to work with any source, of either photons or particles, that is characterized

by correlation in both momentum and position. I will treat these themes as follows as:

• Chapter 1 introduces the optical coherence theory. Preliminaries stochastic pro-

cesses [6] are need to merge the theory of light and the random processes for

understanding the Glauber correlation theory[7]. An account is given on the most

important observables in the interferometric experiments [8, 9] focusing on the

mutual coherence function and the complex degree of coherence. The analysis is in

both time-space and frequency-space domain.

• Chapter 2 shows the propagation of correlations linked to the Van Cittern-Zernike[10]

theorem. In the fremework of the Gaussian Schell Model the Wolf-Collet theorem

is demostrated[11]. An example of optical imaging is given to get acquainted with

the final computations. Moreover It will present a broad analysis on the experi-

mental setup[12, 13].

• Chapter 3 presents the final outcomes gained from the previous chapters combi-

nese ghost imaging and its applications for a new kind of optical imaging systems

regarding the correlation plenoptic imaging.



Chapter 1

Optical Coherence

“Concepts like these can seem remote, until you explain with analogies taken from

everyday life. But unfortunately some ideas do not lend themselves to familiar

analogies.”

Leonard Mandel

In this chapter, an account of optical coherence theory on the basis of classical theory

of the electromagnetic field will be provided. This picture has been developed since the

1950’s, when, essentially, only thermal sources and slow detectors were available, and

it was sufficient to characterize the coherence properties of an electromagnetic field by

second-order correlation functions. The necessity for a more sophisticated description of

the coherence properties of fields, involving the use of higher-order correlation functions,

was required mainly by the advent of the laser. The development of fast detectors, then,

enabled the higher-order correlation functions to be measured.

1.1 Introduction

We will study the properties of fluctuating electromagnetic fields, paying attention

mainly to the optical region of the electromagnetic spectrum. It seems hardly nec-

essary to stress that every electromagnetic field found in nature has some fluctuations

associated with it. Even though these fluctuations are usually much too rapid to be

observed directly, one can deduce their existence from suitable experiments that pro-

vide information about correlations between the fluctuations at two or more space-time

1



Chapter 1. Optical coherence 2

points. The simplest manifestations of correlations in optical fields are the well-known

interference effects that arise when two light beams that originate from the same source

are superposed. With the availability of modern light detectors and electronic circuitry

of very short resolving time, other types of correlations in optical fields began to be

studied in more recent times. These investigations led to a systematic classification of

optical correlation phenomena and the complete statistical description of optical fields.

The area of optics concerned with such questions is now generally known as optical coher-

ence theory. The “second-order theory” provides the introduction of a precise measure

of correlations between the fluctuating field variables at two space-time points and the

formulation of dynamical laws which the correlation functions obey in the free space.

1.2 The complex analytic signal

The basic variables in optics, namely the current and charge densities and the electric and

magnetic fields, are real functions of position and time. In the study of their correlation

properties it is, nevertheless, useful to represent them by suitable complex functions.

The representation is a natural generalization of one that is frequently employed in

connection with real monochromatic signals. In this section we will discuss this complex

representation for a scalar wavefield as a stochastic process.

1.2.1 Preliminaries

Electromagnetic waves are predicted by the classical laws of electromagnetism, known

as Maxwell’s equations. Inspection of Maxwell’s equations in the vacuum and without

sources (charges or currents)

∇ ·E = 0, ∇ ·B = 0,

∇×E = −∂B

∂t
, ∇×B =

1

c2

∂E

∂t
,

(1.1)

where c is the speed of light, results in nontrivial solutions of changing electric and

magnetic fields. The solution,

E = B = 0 (1.2)
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is trivial. More useful solutions can be obtained by applying the vector identity, we

utilize vector identities, which work for any vector (we use letter E as the electric vector

field), as follows

∇× (∇×E) = ∇ (∇ ·E)−∇2E. (1.3)

The curl of Eq. (1.1) is

∇× (∇×E) = ∇×
(
−∂B

∂t

)
. (1.4)

On the other hand, the right hand side reads

∇× (∇×E) = ∇ (∇ ·E)−∇2E = −∇2E (1.5)

and one simplifies the above by using equation (1.1). Moreover the right hand side reads

∇×
(
−∂B

∂t

)
= − ∂

∂t
(∇×B) = − 1

c2

∂2E

∂t2
(1.6)

and combining (1.5) and (1.6) results in a vector-valued differential equation for the

electric field, namely

∇2E =
1

c2

∂2E

∂t2
. (1.7)

Applying a similar procedure results in similar differential equation for the magnetic

field

∇2B =
1

c2

∂2B

∂t2
. (1.8)

Thus, all the components of the electromagnetic field satisfy a wave equation of the form

∇2f =
1

v2

∂2f

∂t2
, (1.9)

where v = c. Despite the electromagnetic field has a vectorial structure and it could be

described with two perpendicular polarization terms, for our purposes we can consider

it by a complex scalar V wavefield because the polarization it is not relevant. We

purposely do not specify the nature of V more closely at this stage, since the main

analysis is independent of any particular choice of the field variable and different choices

depends on the best suitable gauge. Therefore V satisfies the D’Alembert’s equation

�V(t, r) = 0. (1.10)
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with

� = ∇2 − 1

c2
o

∂2

∂t2
. (1.11)

Physically, the wavefield is a function of space and time, thus the fluctuations may be

described via an appropriate ensemble, which is stationary. Since different frequency

components of a stationary ensemble are not correlated, it is sufficient to deal with

one frequency component at a time, thus we can assuming our ensemble to consist of

monochromatic fields, all of the same frequency, in order to factorize the spatial and

temporal dependence, e.g., V(t, r) = V (r)eiωt. Therefore the equation (1.10) becames

(
∇2 + k2

)
V (t, r) = 0, (1.12)

where k2 = ω2

c2
. If V(t, r) represents a component of the electromagnetic field in the

optical region of the elettromagnetic spectrum, the oscillations are too fast to be de-

tected, and one usually measures quantity that are independent of the fastly-varying

phase, such as intensities. In order to treat the field fluctuations, we shall introduce

some concepts of stochastic process theory [6, 14].

1.2.2 Stochastic processes

The complex scalar wavefield emitted from a generic source can be treated as a stochastic

process which depends on one or several parameters {$(r, . . . )} that have appropriate

random behavior characterized by a probability distribution. More specifically, the

wavefield is treated as a signal with a random phase or amplitude. For a such random

process one considers the ensemble of all possible realizations and its behavior can be

described in term of its moments. The description of such signals is a function of

time and such description becomes quickly difficult to manage and impractical. Only

a fraction of the signals, known as ergodic, can be handled in a relatively simple way.

Among those signals that are excluded are the class of the non-stationary signals. Now

we suppose the amplitude A(r) is deterministic and the phase depends on the random

position through a probability fucntion distribution. In order to highlight the random

scalar wavefield behavior we write it only in this section as

V (r) ≡ V
(
r;$(r)

)
, (1.13)
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where {$(r)} is a set of random variables which generally depend on the position. Let

us assume that the amplitude is deterministic, while phase represents the only position-

dependent random variable, i.e. varomega(r) = {φ(r)}. Hence the average complex

scalar wavefield reads

〈
V
(
r;ϕ(r)

)〉
=
〈
A(r)eiϕ(r)

〉
= A(r)

〈
eiϕ(r)

〉
. (1.14)

We will show three examples in which the mean phase factor is evaluated according to

different (marginal) probability distributions, which are respectively degenerate, uniform

and gaussian.

1. In the case of degenerate distribution d(ϕ̄(r)), we have the limiting case where

ϕ(r) ∈ d(ϕ̄(r)) : {ϕ : R3 7−→ R} 7−→ ϕ̄(r). (1.15)

For all the random functions in the ensemble {ϕ : R 7−→ R} we get always the

same function ϕ̄(r).

φ x)

δ φ)

Actually this is the degenerate case where the probability distribution function is

in fact completely deterministic.

2. If ϕ(r) ∼ U([−π, π]), we have the opposite case where

ϕ(r) ∼ U([−π, π]) : {ϕ : R3 7−→ [−π, π]} 7−→ ϕ(r) (1.16)

for all the random functions in the ensemble {ϕ : R3 7−→ [−π, π]} we get a func-

tion with the same probability with another which belongs to the ensemble, thus
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whatever is r ∈ R3 on average we will take the function ϕ̄(r) ≡ 0.

U([−π, π]) :=


1

2π ϕ ∈ [−π, π]

0 ϕ /∈ [−π, π]

(1.17)

φ x)

U([-π,π])

Actually this case is the most random possible, and no privileged value of φ exists.

3. If ϕ(r) ∼ N(ϕ̄(r), σ), we have

ϕ(r) ∼ N(ϕ̄(r), σ) : {ϕ : R3 7−→ R} 7−→ ϕ̄(r). (1.18)

The position on the space is labelled by r ∈ R3. We get a random function

{ϕ : R3 7−→ R} which follows a normal distribution, so on average we take the

function ϕ̄(r).

N(ϕ̄, σ) :=
1√

2πσ2
e−

(ϕ−ϕ̄)2

2σ2 (1.19)

φ x)

N φ,σφ)
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In the case of Eq. (1.14), the field V (r) is generally random, but the intensity [ inserire

equazione 1.22 ] is deterministic,

〈V (r)V ∗(r)〉 = A(r)2. (1.20)

Instead, the correlation of fields at different points reads

〈V (r1)V ∗(r2)〉 = A(r1)A(r2)

〈
ei
(
ϕ(r1)−ϕ(r2)

)〉
, (1.21)

that in general differs from the product of field expectation values

〈V (r1)V ∗(r2)〉 6= 〈V (r1)〉 〈V ∗(r2)〉 . (1.22)

because V (r1) and V (r2) are not independent. But when we want to obtain the free

wavefield propagation far from a source of light σ located in a region of space σ ⊂ R3, the

position which is the argument of the phase must belong to the source r ∈ σ. Therefore

we can suppose that if the points are far each other the relative phases are independent

and 〈
ei
(
ϕ(r1)−ϕ(r2)

)〉
∼=
〈
eiϕ(r1)

〉〈
e−iϕ(r2)

〉
. (1.23)

The Eq. (1.23) is called independent phase hypothesis, and it will be adopted the the

Gaussian Schell Model in the next chapters.

1.3 Optical coherence

When two or more monochromatic waves are combined, they form a pattern of bright and

dark regions, in which the combined light fields constructively or destructively interfere,

respectively distributing the amount of energy as shown in the figure (1.1). The simplest

of these patterns can be created by the interference of two plane or spherical waves, and

would appear as in figure (1.2).

Sunlight streaming through a window, for instance, doesn’t interfere with the light

emanating from a lamp inside the room. Something is missing from our basic discussion

of interference which explains why some light fields, such as those produced from a

single laser source, produce interference patterns and others, such as sunlight, seemingly

produce no interference. The missing ingredient is what is known as optical coherence,
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Figure 1.1: Interference between two monochromatic waves.

Figure 1.2

and we shall discuss the basic principles of coherence theory and its relationship to

interference. Optical coherence refers to the ability of a light wave to produce interference

patterns, such as the one illustrated above. If two light waves are superposed and they

produce no interference pattern (no regions of increased and decreased brightness), they

are said to be incoherent; if they produce a ‘perfect’ interference pattern (‘perfect’ in

the sense that the interference fringes achieve their maximal visibility), they are said

to be fully coherent. If the two light waves produce an imperfect interference pattern,

they are said to be partially coherent. Coherence is one of those topics which is best

explained by starting with experimental observations. We first describe two interference

experiments, which highlight two types of coherence, and then explain in more detail
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the origins of the phenomena.

1.3.1 Temporal coherence and the coherence time: Michelson inter-

ferometer

Figure 1.3: Schematic setup of an interference experiment using a Michelson inter-
ferometer. The visibility of interference fringes on B depends on temporal coherence.

Light from a source S of any state of coherence (e.g. sunlight, laser light, starlight) is

directed upon a half-silvered mirror M0, which sends half of the light towards mirror M1

and half towards mirror M2. Light is reflected from each of these mirrors, returns to the

beam splitter M0, and equal portions of the light reflected from M1 and M2 is combined

and projected on the screen B. The interferometer is tunable, in that we can adjust

the distance of the mirror M1 from the beam splitter. The Michelson interferometer, in

essence, makes a light beam interfere with its (generally) time-delayed copy. The light

which travels along the path to mirror M1 must travel a distance 2d further than the

light which travels along the path to mirror M2. In the figure (1.4) is show what is

detected on the screen B of the figure (1.3).

Evidently, a light beam cannot interfere with a time-delayed copy of itself if the time

delay is sufficiently large. The possibility to form visible fringes may be explained as

arising from correlations that exist between the two beams under conditions where a

time delay ∆t has been introduced between them. We assume that the light is quasi-

monochromatic, i.e. that its bandwidth ∆ν is small compared to its mean frequency
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Figure 1.4: The formation of the fringes is said to be a manifestation of temporal
coherence between the two beams. When d = 0, we see a circular set of very clear
interference fringes. When d increases, however, the fringes becomes less distinct, the
dark rings become brighter and the bright rings become dimmer. Finally, for very large
d, past some critical value ∆lc/2, the bright and dark rings have vanished completely,

leaving only a diffuse spot of light.

ν̄ and that it is macroscopically steady1. It is a well-known experimental fact that the

interference fringes will be formed only if the time delay ∆t is such that

∆t∆ν . 1 (1.24)

where ∆ν is the bandwidth of the light. The time delay

∆t ∼ 1

∆ν
(1.25)

is known as the coherence time of light and the corresponding path difference

∆l = c∆t ∼ c

∆ν
(1.26)

is called the longitudinal coherence length of the light. An intuitive understanding of

this phenomenon may be obtained as follows. The fringes in the observation plane B

may be considered to arise from the addition of spatially periodic distributions, each

of them being formed by a frequency component present in the spectrum of the light.

Now the periodic distributions formed by light of different frequency components will

have different spatial periodicities. Hence, with increasing time delay between the two

1By ’macroscopically steady’ we mean that it is an ergodic process, therof does not exhibit fluctuations
on a macroscopic time-scale. In the more precise language of the theory of random processes, the
fluctuations can be represented as a stationary random process, whose mean period and correlation time
are much shorter than the averaging interval needed to make an observation.
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beams, their addition will lead to a less and less well-defined fringe pattern, because the

maxima of the various monochromatic contributions will get more and more out of step.

For a sufficiently long time delay, the periodic intensity distributions will get so much

out of step that the superposed pattern will no longer exhibit any pronounced intensity

maxima and minima, i.e. no fringe pattern will be formed. Simple calculations show

that, increasing time delay, the fringes disappear when ∆t reaches a value that is of the

order of magnitude indicated by the relation (1.25). Why are some light fields coherent

and others incoherent? Interference requires a definite phase relationship between the

interfering fields. If we look at the interference of two monochromatic waves as a function

of time, we see that the waves undergo complete constructive interference if they are in

phase as in figure (1.5). Realistic waves, however, are never perfectly monochromatic.

2 4 6 8 10
t

-2

-1

1

2
V(t)

2 4 6 8 10
t

-2

-1

1

2
V(t) 2 4 6 8 10

t

-2

-1

1

2

V(t)

+ =

Figure 1.5: The dashed lines show that the two waves reach their maxima and minima
at the same time. They therefore enhance each other, producing a larger wave.

2 4 6 8 10
t

-2

-1

1

2
V(t)

2 4 6 8 10
t

-2

-1

1

2
V(t)

2 4 6 8 10
t

-1.0

-0.5

0.5

1.0

V(t)

+ =

Figure 1.6: Two waves undergo complete destructive interference if they are in phase
opposition.

Ordinary thermal sources of radiation, such as a lightbulb or the Sun, consist of a

large number of atoms radiating light almost independently of one another. The field
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t

V(t)

Figure 1.7: This wave contains what seem to be regular up-and-down motions but
clearly has large fluctuations in the amplitude of the wave. Less clear is that the phase

of the wave also changes.

out of phase

in phase

t

V(t)

Figure 1.8: At the blue intervals labeled ”in phase”, the monochromatic wave and
the random wave both go up and down together at the same time. At the red intervals
labeled ”out phase”, however, the two waves are oscillating in the opposite direction.

emanating from such a source has random fluctuations of amplitude and phase. An

example of a wavefield which is almost, but not fully, monochromatic is pictured in the

figure (1.7).

We can see this by superimposing a monochromatic field on top of this one as in

figure (1.8) The spacing of the wavefronts only gradually changes, and for a significant

period of time the random wave looks almost perfectly monochromatic. Alternatively we

may gain some understanding of these effects from the following considerations, which

utilize the concept of correlations. A sample function of a quasi-monochromatic light
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disturbance, regarded as a stationary random process, may be pictured as a succession of

slowly modulated wave trains, whose mean frequency coincides with the mean frequency

of the light and whose duration is of the order of the reciprocal bandwidth of the light

∆ν, i.e. of the order of the coherence time (1.25)[8]. The beam divider M0 of the

Michelson interferometer splits each wave train into two wave trains of the same general

form but of reduced amplitudes. At the plane of observation B the wave trains of the two

partial beams become superposed after a time delay has been introduced between them,

i.e. after the corresponding wave trains in the two beams have been shifted relative

to each other. Clearly, there will be a strong correlation between the fluctuations in

the two beams at B if the time delay introduced is short compared to l/∆ν, i.e. short

compared to the coherence time of the light, and there will be effectively no correlation

between them when the time delay is much greater than l/∆ν. The formation or the

absence of interference fringes in the observation plane l/∆ν is thus directly related to

the correlation or the lack of correlation, respectively, between the fluctuations of the

two partial beams reaching l/∆ν. On the figures is shown two examples.

Therefore the temporal coherence could be also defined as the measure of the average

t

V(t)

Figure 1.9: The amplitude of a single frequency wave as a function of time t (red)
and a copy of the same wave delayed by ∆t (blue). The coherence time of the wave is

infinite since it is perfectly correlated with itself for all delays ∆t.

correlation between the value of a wave and itself delayed by τ = t1 − t2 = ∆t, at any

pair of times t1 and t2. Temporal coherence tells us how monochromatic a source is.

In other words, it characterizes how well a wave can interfere with itself at a different

time. The delay over which the phase or amplitude varies by a significant amount (and

hence the correlation decreases by significant amount) is defined as the coherence time.
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2 τc

t

V(t)

Figure 1.10: The amplitude of a wave whose phase drifts significantly in time ∆t as
a function of time t (red) and a copy of the same wave delayed by 2∆t(blue). At any
particular time t the wave can interfere perfectly with its delayed copy. But, since half
the time the red and blue waves are in phase and half the time out of phase, when

averaged over t any interference disappears at this delay.

At a delay of τ = 0 the degree of coherence is perfect, whereas it drops significantly as

the delay passes τ = ∆t. The coherence length ∆l is defined as the distance the wave

travels in time ∆t.

One should be careful not to confuse the coherence time with the time duration of the

t

V(t) 2 τc

Figure 1.11: The profile of a wavepacket whose amplitude changes significantly in
time ∆t (blue) and a copy of the same wave delayed by 2∆t(orange) plotted as a
function of time t. At any particular time the blue and orange waves are uncorrelated;
one oscillates while the other is constant and so there will be no interference at this
delay. Another way of looking at this is the wavepackets are not overlapped in time and
so at any particular time there is only one nonzero field so no interference can occur.

signal, nor the coherence length with the coherence area. We conclude this elementary

discussion by two simple examples which illustrate the magnitude order of the coherence

time and of the coherence length in typical cases.
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τc

t

V(t)

Figure 1.12: The time-averaged intensity (blue) detected at the output of an inter-
ferometer plotted as a function of delay τ for the example waves in figures (1.10) and
(1.11). As the delay is changed by half a period, the interference switches between
constructive and destructive. The black lines indicate the interference envelope, which
gives the degree of coherence (see the next section). Although the waves in figures

(1.10) and (1.11) have different time durations, they have the same coherence time.

• For light generated by thermal sources (incandescent matter, gas discharge) with

a high degree of monochromaticity (i.e. a narrow spectral width), the bandwidth

∆ν is typically of the order of 108 s−1 or greater;

the corresponding coherence time ∆t is of the order of 10−8 s;

the coherence length ∆l ∼ 3 · 1010 cm s−1 · 10−8 s ∼ 3 m.

• For a well-stabilized laser ∆ν can be as large as 104 s−1(10 kHz);

the coherence time of the order of 10−4 s;

the coherence length ∆l ∼ 3 · 1010 cm s−1 · 10−4 s ∼ 30 km.

The less monochromatic a wave is, the broader its spectrum. A wavefield with a wide

frequency bandwidth ∆ν, such as sunlight, therefore has a very low coherence time. A

measurement of the coherence time can be used to estimate the spectral width of a light

wave, and vice versa.

1.3.2 Spatial transverse coherence

We can use a different sort of interferometer, Young’s two-pinhole (double slit) inter-

ferometer, to measure another, distinct, type of coherence. A light source is used to

simultaneously illuminate a pair of small pinholes, separated by a distance d, in an

opaque screen. The light emanating from the pinholes interferes on a second screen

some distance away. In a manner similar to that described for temporal coherence, we
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d

Figure 1.13: Spatial coherence illustrated by means of Young’s interference experi-
ment with light from a thermal source.

imagine increasing the separation d of the two pinholes. For small values of d, one sees a

distinct pattern of bright and dark interference fringes on the screen. As d is increased,

however, the fringes become less distinct: the dark lines become brighter and the bright

lines become dimmer. Finally, for sufficiently large d, past some critical value d̄, fringes

become no longer visible and only a diffuse spot of light remains on the screen. This

critical value d̄ is referred to as the transverse coherence length of the light field. More

commonly, one refers to the coherence area of the light field as the area within which

the pinholes must lie to observe interference. This area is approximately

A ∼ πd̄2 (1.27)

Young’s interferometer measures the transverse coherence of a light field: the ability of

a light field to interfere with a spatially-shifted version of itself. It is clear that this

cannot be just another manifestation of temporal coherence because the light arriving

at the two pinholes has travelled approximately at the same distance from the source.

Typical values of the coherence area are

• sunlight: A ∼ 4× 10−3mm2;

• starlight: A ∼ 6m2.
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The coherence area of sunlight gives us an idea of why interference effects are not ob-

served in everyday experience: interference can only be created with sunlight which lies

within a spot roughly a tenth of a millimeter across. Spatial coherence is a measure

of the interference-causing capabilities of a wavefield emitted by two different points

on a plane. To see what factors influence spatial coherence, let’s first imagine a single

point source, producing light which is not necessarily monochromatic. A point source

produces spherical waves, as illustrated schematically in the figure (1.14)

If the wavefields have a definite relationship to each other, in other words, they are

direction of wave

wavefronts

source

P1

P2

Figure 1.14: The wavefronts (the peaks of the wave, illustrated in blue) are not
equally spaced for a non-monochromatic wave. However, at points P1 and P2 which

are equally distant from the source, the fields are identical.

correlated, at those two points in space for all time, they can interfere with one another;

this is illustrated schematically in the figure (1.15).

When the two fields are uncorrelated, as in the example on the right, they produce no

interference pattern. As an example of a source which produces an uncorrelated field,

we imagine the field produced by two independent point sources.

In short, the field at P1 changes independent of the field at P2. There is no definite

phase relationship between the fields at the two points, and they will not produce an

interference pattern when added together. As a consequence of this argument regarding

point sources, one can show that light from a larger (or closer) thermal source is char-

acterized by a smaller coherence area than light from smaller (or more distant) thermal

source. Sunlight has therefore low spatial coherence, while starlight has significantly
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correlated correlated uncorrelated

1 2 1 2 1 2

Figure 1.15: The two examples on the left show the wavefront which are correlated
with one another: if they are combined using a Young’s interferometer, they will produce

an interference pattern.

P1

P2

P1

P2

Figure 1.16: In the figure on the left, the wavefronts from the red and blue sources
arrive at points P1 and P2 at the same instant of time. In the figure on the right,
however, the wavefronts from the red and blue sources arrive at points P1 and P2 at

different times, resulting in different fields at the two points.



Chapter 1. Optical coherence 19

higher spatial coherence. This argument holds only for thermal light sources, i.e. collec-

tions of atoms/molecules radiating independently, whereby the fluctuations are too fast

to be detected. In lasers, which emit light by a very different physical process, light is

typically spatially highly coherent. Nonetheless, spatial coherence describes the ability

for two points in space, x1 and x2, in the extent of a wave to interfere, when averaged

over time. More precisely, the spatial coherence is related to the cross-correlation be-

tween two points in a wave for all times. If a wave has only 1 value of amplitude over an

infinite length, it is perfectly spatially coherent. The range of separation between the

two points over which there is significant interference defines the diameter of the coher-

ence area, A (coherence length, often a feature of a source, is usually an industrial term

related to the coherence time of the source, not the coherence area in the medium.) A is

the relevant type of coherence for the Young’s double-slit interferometer. It is also used

in optical imaging systems and particularly in various types of astronomy telescopes.

Sometimes people also use ”spatial coherence” to refer to the visibility when a wave-like

state is combined with a spatially shifted copy of itself.

1.3.3 Spectral coherence

Waves of different frequencies (in light these are different colours) can interfere to form

a pulse if they have a fixed relative phase-relationship (see Fourier transform [15]).

Conversely, if waves of different frequencies are not coherent, then, when combined,

they create a wave that is continuous in time (e.g. white light or white noise). The

temporal duration of the pulse ∆t is limited by the spectral bandwidth of the light ∆ν

according to ∆ν∆t ≥ 1 which follows from the properties of the Fourier transform and

results in Küpfmüller’s uncertainty principle (for quantum particles it also results in the

Heisenberg uncertainty principle). If the phase depends linearly on the frequency (i.e.

θ(ν) ∝ ν) then the pulse will have the minimum time duration for its bandwidth (a

transform-limited pulse), otherwise it is chirped. [16]

1.3.4 Coherence and correlations

Classical coherence theory can be thought of as the merging of electromagnetic theory

with statistics, just as statistical mechanics is the merging of ordinary mechanics with
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Figure 1.17: A plane wave with an
infinite coherence length.

Figure 1.18: A wave with a varying
profile (wavefront) and infinite coher-

ence length.

Figure 1.19: A wave with a varying
profile (wavefront) and finite coherence

length.

Figure 1.20: A wave with finite co-
herence area is incident on a pinhole
(small aperture). The wave will diffract
out of the pinhole. Far from the pin-
hole the emerging spherical wavefronts
are approximately flat. The coherence
area is now infinite while the coherence

length is unchanged.
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Figure 1.21: A wave with infinite coherence area is combined with a spatially shifted
copy of itself. Some sections in the wave interfere constructively and some will interfere
destructively. Averaging over these sections, a detector with length D will measure
reduced interference visibility. For example, a misaligned Mach–Zehnder interferometer

will do this.

+

+

+

=

τc

...

Figure 1.22: Infinite waves of different frequencies interfere to form a localized pulse
if they are coherent.

statistics. It is used to quantify and characterize the effects of random fluctuations on

the behavior of light fields. We have roughly divided coherence effects into two classes

— spatial and temporal coherence — which are summarized by the picture (1.24)

It is worth noting that we cannot typically measure the fluctuations of the wavefield

directly. The individual ‘ups and downs’ of visible light is not something that we can

detect directly with our eyes, or even with sophisticated sensors: the frequency of visible

light is on the order of 1015 cycles/second. We only measure the average properties of

the light field.
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+
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+
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+

=

...

τc Δt = ∞

Figure 1.23: Spectrally incoherent light interferes to form continuous light with a
randomly varying phase and amplitude.

Figure 1.24: Temporal coherence: random fluctuations in the spacing of the wave-
fronts (on the left). Spacial coherence: random fluctuations in the shape of the wave-

fronts (on the right).

1.4 Speckle pattern

When an optically rough surface is illuminated by coherent (e.g. laser) light, the scat-

tered radiation forms a characteristic random diffraction or ‘speckle’ pattern due to ran-

dom differences in optical path length. It is frequently observed that when the surface

is moved the whole speckle pattern also moves i.e. a given feature moves several speckle
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dimensions before losing its identity. As can be simply demonstrated, this effect is due to

wavefront curvature. This may be the intrinsic curvature of the illuminating laser beam

or it may be due to a curved scattering surface or to observation in the near-field, Fresnel,

region (or, most commonly, to some combination of these). This ‘movingspeckle’ effect

has been known for many years (e.g. Ramachandran 1943) and, since the advent of the

laser, has become a familiar laboratory phenomenon. Nevertheless, it was not until the

recent work of Jakeman (1975) that a complete theoretical expression was obtained for

the space-time correlation function 〈I(r, t)I(r′, t′)〉 of the scattered intensity, a quantity

of fundamental importance in describing the phenomenon[17].

Figure 1.25: Intensity distribution across a coherent laser source (a), and across an
’equivalent’ partially coherent source σ (b). (Adapted from De Santis, Gori, Guattari

and Palma, 1979.)
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1.5 The second-order correlation in interference experi-

ments

We introduced heuristic criteria which indicate conditions under which simple interfer-

ence effects may be expected to take place. We also briefly noted that such phenomena

depend on correlations that exist between light fluctuations in the interfering beams.

Correlations may, of course, be analyzed by means of the mathematical techniques of

the theory of stochastic processes, described briefly in previous section. However, when

one is concerned with the average intensity, as is often the case, one needs to take into

account only second-order correlations (correlations between the light vibrations at two

space-time points). We will introduce a precise measure for such correlations from a

detailed analysis of a simple interference experiment.

1.6 The mutual coherence function and the complex de-

gree of coherence

In order to bring out the essential aspects of the theory we will ignore polarization

phenomena throughout this chapter.

Let V (r)(r, t) ∈ C2(RR3×R+
) denote a real field variable at a point represented by a

position vector r at time t such that satisfied the equation (1.10). This function may

represent, for example, a Cartesian component of the electric field or of the vector

potential. We purposely do not specify the nature of V (r) more precisely at this stage,

since the main analysis is independent of any particular choice of the field variable and

different choices may be best suited for describing different experimental situations. In

the case of photoelectric detection, it is appropriate to consider the vector potential

(more precisely the analytic signal associated with it) as the basic field variable [8]. But

there are other detection processes for which other choices may be more suitable. For any

realistic light beam, V (r) will be a fluctuating function of time, which may be regarded

as a typical member of an ensemble consisting of all possible realizations of the field.

There are several reasons why V (r) will fluctuate. When light is produced by a thermal

source, fluctuations arise mainly because V (r) consists of a large number of contributions

that are actually independent of each other, so that their superposition gives rise to a
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fluctuating field which can only be described in statistical terms. But even light from a

well-stabilized source, such as a laser, will exhibit some random fluctuations, since the

effect of spontaneous emission is never entirely absent. In addition, there will be other

sources of irregular fluctuations, such as vibrations of the mechanical parts of the setup

(e.g. the mirrors in a resonant cavity) It is convenient to carry out the analysis not in

terms of the real field variable V (r)(r, t), but rather in terms of the associated analytic

signal V (r, t) , which has been introduced in the previous section. Consider now a

quasi-monochromatic light represented by a statistically stationary ensemble of analytic

signals V (r, t). By quasi-monochromatic light we mean, as mentioned earlier, that the

effective bandwidth of the light, i.e. the effective width ∆ν of its power spectrum at

each point r, is much smaller than its mean frequency ν

∆ν

ν̄
� 1. (1.28)

One may regard such a field as being represented at each point by an ensemble of

quasi-monochromatic signals centered at the frequency ν. Due to the high value of

optical frequencies, V cannot be measured as a function of time with commonly available

detectors. Optical periods are of the order of 10−15s, whereas photoelectric detectors

have typically resolving times of the order of 10−9s, though special techniques exist by

means of which still shorter resolving times may be achieved. However, although one

cannot study the rapid time variations of the field, one can make measurements of the

slowly-varying correlations of the field at two or more space-time points. Let us consider

such measurements when the optical field is a well-collimated quasi-monochromatic light

beam. Suppose that the light vibrations at points P1(r1) and P2(r2) in the beam are

isolated by placing an opaque screen A across the beam, with pinholes at the two points,

and that we observe the intensity distribution resulting from the superposition of the

light emerging from the two pinholes, on a screen B at a distance d from A. We assume

that d is large compared with optical wavelengths. The instantaneous field at a point

P (r) on the screen B is, in the approximation in which diffraction is neglected, given by

V (r, t) = V ((r1, t− t1)) + V ((r2, t− t2)) (1.29)

where

t1 = R1/c t2 = R2/c (1.30)
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are the times needed for the light to travel from P1(r1) to P (r) and from P2(r2) to P (r)

respectively, c is the speed of light in vacuo. Let us define the instantaneous intensity

in order to obtain the law of interference.

Definition 1.6.1. The instantaneous intensity i(r, t), at the point P (r) at time t is

defined

i(r, t) = V (r, t)V ∗(r, t) (1.31)

From the equation (1.29) and (1.31) it follows that

i(r, t) = i1(r, t− t1) + i2(r, t− t2) + 2Re[V (r1, t− t1)V ∗(r2, t− t2)] (1.32)

where Re denotes the real part.

Definition 1.6.2. The intensity that we measure is

I(r) = 〈i(r)〉 =
〈
|V (r)|2

〉
(1.33)

Where the average of i(r, t) is over an ensemble of different realizations of the field and

〈. . . 〉 denotes its ensemble average. From the equation (1.32) and (1.33) we obtain the

law of interference

I(r, t) = I1(r, t− t1) + I2(r, t− t2) + 2Re[〈V (r1, t− t1)V ∗(r2, t− t2)〉]. (1.34)

Finally, by the equation (1.34) it is possible define the cross-correlation function.

Definition 1.6.3. The cross-correlation, known also as mutual correlation funtion or

two points function in the fields is a function of the random processes V (r1, t) and

V (r2, t)

W (t)(r1, t1; r2, t2) = 〈V (r1, t− t1)V ∗(r2, t− t2)〉 (1.35)

and we can redefine the averaged intensity as

I(ri, ti) = 〈i(ri, ti)〉 = W (t)(ri, ti; ri, ti) (i = 1, 2). (1.36)

The quantity I(ri, ti) represents the (ensemble) averaged intensity of the light at the

pinhole Pi at the time ti. The third term on the right-hand side of (1.34) gives rise to a
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sinusoidal modulation of the averaged intensity I(r, t) on the point P (r). In fact we note

that, if the last term on the right-hand side of Eq. (1.34) does not vanish, the averaged

intensity I(r, t) is not equal to the sum of the (averaged) intensities of the two beams

which reach the point P of observation from the two pinholes. It differs from their sum

by the term 2Re[〈V (r1, t− t1)V ∗(r2, t− t2)〉]. The superposition of the two beams will

give rise to interference, that can be defined as an energy redistribution process.

The function W (t)(r1, t1; r2; t2) is the main quantity of the elementary theory of optical

coherence, where the superscipt points out the temporal dependence. Under the as-

sumption of stationarity, it depends on only the time difference τ = t2− t1. In this case

we get

I(r, t) = W (t)(r, r, 0). (1.37)

It is convenient to normalize the mutual coherence function by define the degree of

coherence.

Definition 1.6.4. The degree of coherence of light at the points P1(r1) and P2(r2).

γ(r1, r2, τ) =
〈V (r1, t1)V ∗(r2, t2)〉√

I(r1)I(r2)
=
W (t)(r1, r2, τ)√

I(r1)I(r2)
. (1.38)

The cross-correlation function of any two jointly stationary random processes satisfies

the following inequality

0 ≤ |γ(r1, r2, τ)| ≤ 1 ∀r1, r2, τ. (1.39)

Using the relation (1.34) and (1.38), we finally obtain the following expression for the

averaged intensity of the light at P when the light reaches the plane og observation B

via both the pinholes

I(r, t) = I1(r1, t) + I2(r2, t) + 2
√
I1(r1, t)I2(r2, t)Reγ(r1, r2, τ). (1.40)

We see at once from Eq. (1.40) that measurements of the averaged intensities I(r, t),

I1(r1, t) and I2(r2, t) make it possible to determine the real part of the complex degree

of coherence γ(r1, r2, τ). Moreover, it is apparent from Eq. (1.38) that if, in addition,

measurements of the averaged intensities I1(r1, t) and I2(r2, t) of the light at the two

pinholes are made, the real part of the mutual coherence function W (t)(r1, r2, τ) may

then be determined.
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Although, as we just saw, direct measurements of the averaged intensities provide infor-

mation about the real parts of the correlation functions W (t) and γ only, the imaginary

parts could, in principle, be determined from the knowledge of their real parts for all

values of the parameter τ . Since V (r1, t) and V (r2, t) are analytic signals, it follows that

their cross-correlation function, i.e. the mutual coherence function W (t)(r1, r2, τ), is also

an analytic signal and hence the real part, ReW (t), and the imaginary part ImW (t), of

W (t) are coupled by the Hilbert transform relations[8]

{
ImW (t)(r1, r2, τ) = 1

πP
´∞
−∞

ReW (t)(r1,r2,τ)
τ ′−τ dτ ′

ReW (t)(r1, r2, τ) = − 1
πP
´∞
−∞

ImW (t)(r1,r2,τ)
τ ′−τ dτ ′

(1.41)

where P denotes the Cauchy principal value of the integrals at τ ′ = τ .

However, it is the absolute value of the complex degree of coherence γ, rather than its

real part, that represent a true indicator of the visibility of the interference effects to

which superposition of the two beams give rise. To see this, let us examine more closely

the expression (1.40) for the averaged intensity I(r, t) of the light in the plane B of

observation. Let us set

γ(r1, r2, τ) = |γ(r1, r2, τ)|ei[α(r1,r2,τ)−2πν̄τ ], (1.42)

where

α(r1, r2, τ) = arg γ(r1, r2, τ + 2πν̄τ). (1.43)

On substituting from (1.42) into Eq. (1.40), we obtain the following expression for

I(r, t) :

I(r, t) =I1(r, t) + I2(r, t)

+ 2
√
I2(r, t)I2(r, t)|γ[r1, r2, (R1 −R2)/c]|

× cos{α[r1, r2, (R1 −R2)/c]− δ},

(1.44)

where

δ =
2πν̄

c
(R1 −R2) = k̄(R1 −R2), (1.45)

with

k̄ =
2πν̄

c
=

2π

λ̄
, (1.46)

λ̄ denoting the central wavelength of the light. Now since we assumed that the plane of
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observation B is many wavelengths away from the plane A of the pinholes, the averaged

intensities I1 and I2 of the two beams will change slowly with the position P (r), on the

screen B. Moreover, since we also assumed that light is quasi-monochromatic, it follows

from the properties of the envelope representation that |γ| and α will also change slowly

over any part of the plane of observation B for which the change in the distance R1−R2

(the path delay [PP1] − [PP2] introduced between the light emerging from the two

pinholes) is small compared to the coherence length of the light. Hence the changes in

|γ| and α due to the changes in the argument (R1−R2)/c on the right-hand side of Eq.

(1.44) may be neglected, provided

||R1 −R2|P ′ − |R1 −R2|P | �
c

∆ν
, (1.47)

where |R1−R2|P represents the difference in the distances of the points P from the two

pinholes, |R1 − R2|P ′ represents this difference for a neighboring point P ′ in the plane

B and ∆ν denotes the effective bandwidth of the light. However, the cosine term on

the right-hand side of Eq. (1.44) will change rapidly with the position r of the point P

on the screen B because of the presence of the term δ. According to (1.45) this term is

inversely proportional to the wavelength λ̄ of the light. Hence over a sufficiently small

portion of the plane of observation B, the averaged intensity I(r, t) will vary nearly si-

nusoidally with position, provided that |γ| 6= 0.

Definition 1.6.5. The usual measure of sharpness of interference fringes is the so-called

visibility, a concept introduced by Michelson (1890). The visibility V at a point P (r) in

an interference pattern is defined by the formula

V(r) =
Imax − Imin
Imax + Imin

(1.48)

where Imax and Imin represent the maximum and the minimum values that the averaged

intensity assumes in the immediate neighborhood of P .

Now from Eq. (1.44) we have, to a good approximation,

Imax = I1(r, t) + I2(r, t)

+ 2
√
I1(r, t)I2(r, t)|γ[r1, r2, (R1 −R2)/c]|

(1.49)
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Figure 1.26: Behavior of the averaged intensity 〈i〉 around a point P (r) in the plane
of observation B, produced by the superposition of two quasi-monochromatic beams of

equal averaged intensity 〈i(1)〉 in Young’s interference

Imin = I1(r, t) + I2(r, t)

− 2
√
I1(r, t)I2(r, t)|γ[r1, r2, (R1 −R2)/c]|

(1.50)

Hence (1.48) becomes

V(r) = 2

[
η(r) +

1

η(r)

]−1

|γ[r1, r2, (R1 −R2)/c]| (1.51)

where

η(r) =

√
I1(r, t)

I2(r, t)
(1.52)

In particular when the averaged intensities of the two beams at P are equal, as is

frequently the case, then η = 1 and Eq. (1.51) reduces to

V(r) = |γ[r1, r2, (R1 −R2)/c]|, (1.53)

i.e. γ is then just equal to the visibility of the fringes. The behavior of the averaged

intensity in the plane of observation is shown in Fig. (1.26), under the assumption

that the averaged intensities of the two interfering beams are equal. According to Eq.

(1.39), 0 ≤ |γ| ≤ 1. We see from the figure that, in the extreme case γ = 1, the

averaged intensity around any point P in the fringe pattern then undergoes the greatest

possible periodic variation, between the values 4I1 and zero. In the other extreme case,

γ = 0, no interference fringes are formed at all; the averaged intensity distribution in the

neighborhood of P is then essentially uniform. These are the cases that traditionally are



Chapter 1. Optical coherence 31

said to represent complete coherence (more precisely complete second-order coherence)

and complete (second-order) incoherence, respectively. The intermediate values (0 <

|γ| < 1) characterize partial coherence; the averaged intensity distribution in the fringe

pattern around P then exhibits periodic variation between the values 2(1 + |γ|)I1 and

2(1− |γ|)I1.

The argument (phase) of γ also has a simple significance. It follows from Eqs.(1.43) and

(1.44) that the locations of the maxima of the averaged intensity in the fringe pattern

are, to a high degree of accuracy, given by

arg γ[r1, r2, (R1 −R2)/c] ≡ α[r1, r2, (R1 −R2)/c]− 2πν̄(R1 −R2)/c

= 2mπ (m = 0,±1,±2, · · · )
(1.54)

The positions of the maxima, given by (1.54) coincide with those which would be ob-

tained if the two pinholes were illuminated by strictly monochromatic light of wave-

length λ̄ and the phase of the vibrations of the light at P1 were retarded with respect

to the phase of the light vibrations at P2 by the amount α[r1, r2, (R1 − R2)/c]. Hence,

for the purpose of describing the interference effects near the point P , we may regard

α[r1, r2, (R1 − R2)/c] as representing the effective retardation of the light at P1 with

respect to the light at P2. Equation (1.54) shows that the argument of γ may be deter-

mined by measuring the position of the maxima of the fringe pattern. More precisely,

let us use the fact that, with monochromatic illumination of the two pinholes, a phase

retardation of 2π leads to a displacement of the interference pattern in the direction

parallel to P1P2 by an amount aλ̄/d, a being the distance between P1 and P2 and d

the distance between the planes A and B. We see that the fringes in our experiment

are displaced relative to the fringes that would be formed with monochromatic light of

wavelength λ̄ and with co-phasal illumination of the pinholes by an amount

x =
λ̄

2π

(
a

d

)
α[r1, r2, (R1 −R2)/c]

=
a

d

{
(R1 −R2) +

λ̄

2π
arg γ[r1, r2, (R1 −R2)/c]

} (1.55)

in the direction parallel to the line joining the two pinholes.

We have seen that, on the one hand, γ is a measure of the correlation of the complex

field at two points P1 and P2. On the other hand, it is a measure of the sharpness of the

fringes [Eq (1.51)], obtained by superposing the beams propagated from these points,
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and it also specifies the location of the fringe maxima [Eq. (1.55)]. Since the sharpness of

the fringes may be regarded as a manifestation of coherence between interfering beams,

it is evident that the term complex degree of coherence of the field at points P1 and

P2 conveys the significance of γ in interference experiments. This term is, however,

somewhat ambiguous, since γ depends not only on the location of the two points P1 and

P2 but also on the delay τ = (R1|R2)/c. It would be more appropriate to reserve the

term ’complex degree of coherence’ for the quantity γ(r1, r2, τ0), where τ0 is that value

of τ which maximizes |γ(r1, r2, τ)|, with r1 and r2 kept fixed. However, when the light

is quasi-monochromatic, as we assumed, and when the interference fringes are observed

in a region in the plane B where the visibility is maximum, as is usually the case, this

distinction is not very significant. For, as is evident from the discussion following Eq.

(1.46), |γ(r1, r2, τ)| and α(r1, r2, τ) = arg γ(r1, r2, τ) + 2τ ν̄τ change very slowly with τ

and remain sensibly constant over any τ -range which is short compared to the coherence

time (l/∆ν) of the light. Hence

γ(r1, r2, τ1) ≈ γ(r1, r2, τ2) e−2πiν̄(τ1−τ2) (1.56)

for any two values of τ1 and τ2 such that

|τ2 − τ2| �
1

∆ν
. (1.57)

Thus over a τ -range that satisfies the condition (1.57) γ (and also Γ) is effectively periodic

in τ , with period equal T = l/ν̄; this result applies, in particular, to the τ -range around

the value τmax that maximizes |γ|. In practice one is often interested in interference

effects under conditions close to geometrical symmetry, so that only those values of the

correlation functions W (t)(r1, r2, τ) and γ(r1, r2, τ) play a role for which the τ -argument

has values close to zero. According to (Eq. 1.56) and the analogous relation for W (t),

we may then approximate the correlation functions by the following expression

W (t)(r1, r2, τ) ≈W (r1, r2)e−2πiν̄τ (1.58)

γ(r1, r2, τ) ≈ g(r1, r2)e−2πiν̄τ (1.59)

provided

|τ | � 1/∆ν (1.60)
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The quantities W (r1, r2) and g(r1, r2) are the equal-time correlation functions

W (r1, r2) = W (t)(r1, r2, 0) = 〈V (r1, t)V
∗(r2, t)〉 (1.61)

Definition 1.6.6. The equal-time degree of coherence of the light vibrations at the

points P1(r1) and P2(r2) is

g(r1, r2) = γ(r1, r2, 0) =
〈V (r1)V ∗(r2)〉√

I(r1)I(r2)
. (1.62)

With assumption of the random behavior that depends on the position we have

g(r1, r2) =

〈
ei
(
ϕ(r1)−ϕ(r2)

)〉
. (1.63)

These two less general correlation functions are adequate for the analysis of many co-

herence problems of instrumental optics. Since the correlation effects that we discussed

in this section are characterized by a correlation function that depends only on two

space-time points, we will refer to them as coherence effects of the second order.

1.7 Second-order correlations in the space-frequency do-

main

We will now consider the cross-spectral density in the context of optical coherence theory.

Let V (r, t) again denote the analytic signal, representing the fluctuating optical field at

the space-time point (r, t). We assume that the optical field is stationary, at least in the

wide sense, and ergodic, and we represent V (r, t) as a Fourier integral (in the sense of

the theory of generalized functions) with respect to the time variable

V (r, t) =

ˆ ∞
0

Ṽ (r, ν)e−2πiνtdν (1.64)

Definition 1.7.1. The cross-spectral density function W (r1, r2, ν) (the cross-power

spectrum) of the light disturbances at points r1 and r2 at frequency ν may be defined

by the following equation

〈
Ṽ (r1, ν)Ṽ (r1, ν

′)
〉

= W (ν)(r1, r2, ν)δ(ν − ν ′) (1.65)
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where the (ensemble) average on the left-hand side of Eq. (1.64) is taken over the

different realizations of the field and the δ on the right-hand side is the Dirac delta

function. The cross-spectral density function is a measure of the correlation between

the spectral amplitudes of any particular frequency component of light at the points r1

and r2.

Morover, the mutual coherence function and the cross-spectral density function form a

Fourier transform pair

{
W (t)(r1, r2, τ) =

´∞
0 W (ν)(r1, r2, ν)e−2πiν̄τdν

W (ν)(r1, r2, τ) =
´∞
∞ W (t)(r1, r2, ν)e2πiν̄τdν

(1.66)

In the special case when the two points r1 and r2 coincide, the cross-spectral density

function becomes a function of the location of only one point and of the frequency.

Definition 1.7.2. The spectral density is the respective function of the intensity in the

space-frequency domain, define as

I(ν) = W (ν)(r, r, ν) (1.67)

Definition 1.7.3. The cross-spectral degree is useful to normalize the cross-spectral

density function setting

γ(ν)(r1, ν, r2, ν) =
W (ν)√

I(ν)(r1)I(ν)(r2)
. (1.68)

1.8 Summary

It is evident that the phenomena of temporal and spatial coherence that we briefly

discussed in heuristic qualitative terms in previous section can be characterized in terms

of W (t)(r1, r2, τ) (known sometimes as the self-coherence function) and by γ(r1, r2, τ).

In the first case, the dependence of the correlation on the parameter t is crucial, with the

points P1 and P2 being coincident and kept fixed; in the second case the dependence on

the position of the two points is crucial, while, the time delay t is kept essentially fixed;

more precisely it is restricted to a range that is short compared to 1/∆ν. However, only

in very simple cases can one sharply distinguish between temporal and spatial coherence.

In general these two types of coherence phenomena are not independent of each other,
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since, the dependence of the mutual coherence function W (t)(r1, r2, τ) on the position

variables r1 and r2 and on the temporal variable t is coupled. In the next chapter, we

will observe that the mutual coherence function also provides information about two-

point correlations in the field for any particular frequency component of the light. In

relating the correlation functions W (t) and γ to the results of measurements we have,

of course, implicitly assumed that the detecting apparatus measures the average of the

instantaneous intensity i(r, t) = V ∗(r, f)V (r, t). In practice, this will almost certainly

be the case if V is identified with the appropriate field variable and if the detector

performs a time average over a time interval that is long compared to the time scales of

the fluctuating field, i.e. long compared to the mean period and to the coherence time

of the light. (Alternatively, the ensemble average of the intensity may be found from a

succession of measurements, whether the measurement times are long or short). Under

these conditions the measured time average may be assumed to differ negligibly from

the average over an infinitely long time span. If these conditions are not satisfied, other

types of interference effects (transient interference) may take place. Such effects are not

discussed.

In conclusion, thanks to the definition (1.65) we do not need to define the equal-frequency

cross spectral degree. It is extremely important to pay attention to these definitions,

since in the next section we do not care if we are using the function in the frequency

or time domain, but it will be easy identify it in the context. Moreover the mutual

coherence functions, both in the space-time and in the space-frequency domain whose

we will use are functions in stationary conditions, which depends only explicitly on the

positions r1 and r2.



Chapter 2

Correlations and Imaging

“What I thought was unreal now, for me, seems in some ways to be more real than

what I think to be real, which seems now to be unreal.”

Fred A. WOLF

In the previous chapters we indicated by a simple argument that the state of coherence

of light may be appreciably changed in the process of propagation. More specifically,

we showed that, even if the light originates from uncorrelated point sources, the field

at points sufficiently far away from the sources may be highly correlated. Morover we

will propagate the field and the other physical quantities from the source and far from

itself. In the end we describe the simplest example for imaging to prepare the road for

the first outcomes of this thesis.

2.1 Free wavefield propagator

Let us consider the known scalar wavefunction V (ro), where ro is a point on the source.

We will determine the wavefield far from the source, in an arbitrary point r by the

equation (1.10), whereby

�V(t, r) = 0. (2.1)

36
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We have already seen that for V(t, r) = V (r)eiωt with the assumptions of stationarity

and ergodicity we get the Helmholtz’s equation

(
∇2 + k2

)
V (t, r) = 0, (2.2)

that we want to solve it for our purposes in the imaging systems.

To get it we a wavefield which is propagating along positive z-axis. Given the wavefield

V (ρ, 0) in the position r0 = (ρ, 0) where is located the source, we will determine V (ρ, z),

for z > 0. We shall distinguish the close field and the far field regime and shall develop

our calculations in the paraxial approximation, namely the wavefield is considered only

for small angles around z-axis. Thus we can write

V (r) = v(r)eikz. (2.3)

Replacing the (2.3) into the equation (1.10) one attains the following Cauchy problem

{
i∂zv(r) = ∇2

⊥v(r)

v(ρ, z)

∣∣∣∣
z=0

= v(ρ, 0),
(2.4)

where

∇2
⊥ = ∂2

x + ∂2
y . (2.5)

it the transversal gradient. The brilliant reader can recognize the Eq. (2.4) has the

same Schödinger’s equation form. which describes a free particle on the xy plane, with

P̂ =
∇̂2
⊥

2m , replacing k −→ −m and t −→ z.

2.1.1 The wavefield propagator

The solution of the (2.4) is

v(ρ, z) =

ˆ
π(ρ0)

v (ρ0, 0) g (ρ− ρ0, z) d
2ρ0. (2.6)

where

g (ρ− ρ0, z) =
k

2πiz
exp

(
ik

2z
(ρ− ρ0)

)
(2.7)
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Proof. Let f = (u, v) ∈ R2 and ρ = (x, y) ∈ R2 the planar coordinates. The inverse

Fourier Trasform (IFT) is

v(ρ, z) =

ˆ
R2

ṽ(f , z)eif ·ρd2f =

ˆ
R2

ṽ(u, v, z)ei(ux+vy)dudv. (2.8)

The Cauchy problem (2.4) in the Fourier space becames

{
i∂z ṽ(f , z) = f2

2k ṽ(f , z)

ṽ(f , z)

∣∣∣∣
z=0

= ṽ(f , 0).
(2.9)

The solution of the (2.9) is trivial

ṽ(f , z) = ṽ(f , 0)e−i
f2

2k
z (2.10)

Replacing in the (2.8) and considering obviously that

ṽ(f , 0) =
1

(2π)2

ˆ
R2

v(ρ0, 0)e−if ·ρ0d2ρ0 (2.11)

we arrive at

v(ρ, z) =
1

(2π)2

ˆ
π(ρ0)

v(ρ0, 0)

(ˆ
R2

e−
iz
2k
f2+if ·(ρ−ρ0)d2f

)
d2ρ0

=
1

(2π)2

(2kπ

iz

)2
ˆ
π(ρ0)

v(ρ0, 0)ei
k
2z

(ρ−ρ0)2
d2ρ0

=
k

2πiz

ˆ
π(ρ0)

v(ρ0, 0)ei
k
2z

(ρ−ρ0)2
d2ρ0.

(2.12)

In the second step we had used the known integral (2.13)

ˆ ∞
−∞

e−β
2x2±iqxdx =

√
π

β
e
− q2

4β2 . (2.13)

Since V (r) = v(r)eikz we find that the propagator is

G(ρ− ρ0) = G(ρ− ρ0)h(k, z) (2.14)
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where

G(ρ− ρ0) = ei
k
2z

(ρ−ρ0)2
(2.15)

and

h(k, z) =
k

2πiz
eikz. (2.16)

Hence given the field V (ρ0, 0) in z = 0 we can determinate the free propagated field

V (ρ0, z) in z > 0 in the following way

V (ρ, z) =

ˆ
π(ρ0)

V (ρ0, 0)G (ρ− ρ0, z) d
2ρ0 (2.17)

Without the paraxial approxiamation the general Helmholtz’s equation is

(∇2 + k2)V (r) = 0 (2.18)

which is satisfield by a such solution as

V (r) = V (r0)
eikr

r
= V (x0, y0, z0)

eik
√
ρ2+z2√

ρ2 + z2
. (2.19)

Let us note that in paraxial approximation ρ/z ' 0 and highlighting it on the (2.19), it

becames

V (r) ' v(x0, y0, z0)
eikz

z
(2.20)

as we have already proved.

2.2 Correlation far form the source: The van Cittern-

Zernike theorem

One of the central theorems of the elementary theory of partial coherence was formulated

by van Cittert (1934) and later, in a more general form, by Zernike (1938). It expresses

the field correlations at two points in the field, generated by a spatially incoherent,

quasi-monochromatic, planar source.

The van Cittert-Zernike theorem may be readily derived by starting from our formula

(1.65) and (2.17). We set τ = 0 in Eq. 1.65 and (2.17) and recall that, according to Eq.
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(2.23), W t(r1, r2, 0) is just the mutual intensity J(r1, r2)1. If we also make in Eq. 1.65

and (2.17) the small angle approximation, we obtain the following formula, sometimes

called Zernike’s propagation law for the mutual intensity:

J(r1, r2) =

(
k̄

2π

)2 ˆ
A

ˆ
A
J(r′1, r

′
2)
eik̄(R2−R1)

R1R2
d2r′1d

2r′2 (2.21)

Suppose now that the open surface A coincides with the radiating surface σ of a spatially

incoherent, planar, quasi-monochromatic secondary source. Then, for any two points

S1(r′1) and S2(r′2) on σ,

J(r′1, r
′
2) = I(r′1)δ(2)(r′2 − r′1). (2.22)

where I(r′) is a measure of the intensity at r′ and δ(2) is the two-dimensional Dirac

delta function. The presence of the delta function on the right-hand side of Eq. (2.22)

expresses the fact that any two elements of the source are assumed to be mutually

uncorrelated. This, of course, is an idealization. Any source found in nature will be

correlated over distances that are at least of the order of the mean wavelength of the

light. This is true even for sources that are generally regarded as spatially completely

incoherent, e.g. blackbody sources, as we will see later (Section 13.1). However, if the

correlations extend over distances that are not larger than about a mean wavelength and

if the linear dimensions of such a source are large compared to the mean wavelength,

as we now assume, the idealization expressed by Eq. (2.22) usually leads to a good

approximation for the mutual intensity of the field.

On substituting from Eq. (2.22) into Eq. (2.21), we obtain the formula

J(r1, r2) =

(
k̄

2π

)2 ˆ
σ
I(r′)

eik̄(R2S−R1S)

R1SR2S
d2r′, (2.23)

where R1S and R2S are the distances from a typical point S(r′) on the source to the

points P1(r1) and P2(r2) respectively (see Fig. 2.1). If we normalize Eq. (2.23) according

to Eq. (2.24) we obtain the following expression for the (equal-time) complex degree of

coherence of the field generated by our spatially incoherent source σ:

j(r1, r2) =
1

[I(r1)]1/2[I(r2)]1/2

(
k̄

2π

)2 ˆ
σ
I(r′)

eik̄(R2S−R1S)

R1SR2S
d2r′, (2.24)

1In the next chapter we will not distinguish W t(r1, r2, 0) than J(r1, r2)
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S(r)

R1S

R1S

P1r1

P2r2

Planar incoherent

source σ

Figure 2.1: Illustrating the notation relating to the van Cittert-Zernike theorem.

where

I(rj) = J(rj , rj) =

(
k̄

2π

)2 ˆ
σ

I(r′)

R2
jS

d2r′, (j = 1, 2), (2.25)

is the intensity at the field point Pj(rj).

The formula (2.24) is the mathematical formulation of the van Cittert-Zernike theorem.

It expresses the equal-time degree of coherence at two points P1(r1) and P2(r2) in the

field generated by a planar, spatially incoherent, quasi-monochromatic source σ in terms

of the intensity distribution I(r′) across the source and the intensities I(r1) and I(r2)

at the two field points. We stress that Eq. (2.24) was derived on the assumption that

the path differences |R2S −R1S | are small compared to the coherence length of the light

and that the angles which the lines SP1 and SP2 make with the normal to the source

are small.

The integral that appears in the expression (2.24) is of the same form as one which is

frequently encountered in quite a different connection, namely in calculations of diffrac-

tion patterns on the basis of the Huygens-Fresnel-Kirchhoff diffraction theory (Born and

Wolf, 1980, Sec. 8.2 and Sec. 8.3). More specifically the van Cittert-Zernike theorem,

expressed by the formula (2.24), implies that, under the conditions stated, the equal-

time degree of coherence j(r1, r2), is equal to the normalized complex amplitude in a

certain diffraction pattern: namely, the normalized complex amplitude at a point P2(r2)

in the diffraction pattern formed by a monochromatic spherical wave of frequency k̄c/2π

converging towards the point P1(r1) and diffracted at an aperture in an opaque screen,

of the same size, shape and location as the incoherent source σ, with the amplitude
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distribution across the aperture being proportional to the intensity distribution across

the source.

In many cases of practical interest the field points P1(r1) and P2(r2) are situated in the

far-zone of the source.

2.3 Imaging with thin lens

We know how to propagate a free wavefield. Now we want to investigate the relationship

between the object and the image in the simplest case of the figure (2.2). The law for

Figure 2.2: Experimental setup for thin lens.

thin lens in the same medium is

1

s0
+

1

si
− 1

f
= 0, (2.26)

known as Gauss equation. The pupil function is

P (ρL) = χ[ρ<a](ρL) exp
(
− i k

2f
ρ2
L

)
(2.27)

where a is the lens’ aperture. The wavefield is propagated as follow

V (ρ, z) =

ˆ
π(ρ0)

V (ρ0, 0)G(ρ− ρ0)P (ρL)d2ρ0 (2.28)
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where the propagator is express by the (2.14). From the object located in the plane

called π(ρo) to the lens z = so in plane π(ρL) we have to multiply the free propagation

law times the pupil function whereas the wavefield itself is propagating.

V (ρL, so) =

ˆ
π(ρ0)

V (ρ0, 0)G(ρL − ρ0)P (ρL)d2ρ0 (2.29)

Form the lens plane π(ρL) to the object plane π(ρi) the wavefield is

V (ρi, so + si) =

ˆ
π(ρL)

V (ρL, so)G(ρi − ρL)d2ρL

=

ˆ
π(ρL)

P (ρL)

(ˆ
π(ρo)

V (ρo, 0)G(ρL − ρo)d2ρo

)
G(ρi − ρL)d2ρL

=

ˆ
π(ρo)×π(ρL)

P (ρL)V (ρo, 0)G(ρL − ρo)G(ρi − ρL)d2ρod
2ρL.

(2.30)

From the propagator expression in the eq. (2.12) the (2.29) results as

V (ρL, so) =
eiksok

2πis0

ˆ
π(ρ0)

V (ρ0, 0) exp

(
i
k

2s0
(ρ− ρ0)2

)
χ[ρ<a](ρL) exp

(
− i k

2f
ρ2
L

)
d2ρ0.

(2.31)

For z = so + si we have to propagate from the lens plane π(ρL) to the screen.

V (ρi, so + si) =
eiksik

2πisi

ˆ
π(ρ0)

V (ρL, so) exp

(
i
k

2s0
(ρ− ρL)2

)
d2ρL (2.32)

and replacing the (2.31) into the (2.32) it follows

V (ρi, so + si) = −
( k

2π
√
sosi

)2
eik(so+si) exp

(
i
k

2si
ρ2
i

) ˆ
π(ρo)

V (ρo, 0) exp
(
i
k

2so
ρ2
o

)
×

[ ˆ
π(ρL)

χ[ρ<a](ρL) exp

(
i
k

2
ρ2
L

(
− f−1 + s−1

o + s−1
i

))

× exp

(
− ik

(ρo
so

+
ρi
si

)
· ρL

)
d2ρL

]
d2ρo.

(2.33)
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Hence we get the general form

V (ρi, so + si) =

ˆ
π(ρo)

V (ρo, 0)

ˆ
π(ρo)

P (ρL)G(ρL − ρo)G(ρi − ρL)d2ρLd
2ρo

=

ˆ
π(ρo)

V (ρo, 0)CSF (ρi,ρo)d
2ρo

(2.34)

Definition 2.3.1. The coherence spread function, or point spread function, is the re-

sponse of an imaging system on π(ρi) to a point source or an object on π(ρo) defined as

following

CSF (ρi,ρo) =

ˆ
π(ρo)

P (ρL)G(ρL − ρo)G(ρi − ρL)d2ρL. (2.35)

In the thin lens case, from eq.(2.33) the coherence spread function is

CSF (ρi,ρo) = −
( k

2π
√
sosi

)2
eik(so+si) exp

(
i
k

2si
ρ2
i

)
exp

(
i
k

2so
ρ2
o

)
×
ˆ
π(ρL)

χ[ρ<a](ρL) exp

(
i
k

2
ρ2
L

(
− f−1 + s−1

o + s−1
i

))

× exp

(
− ik

(ρo
so

+
ρi
si

)
· ρL

)
d2ρL.

(2.36)

We should continue the computing of the (2.36) in four cases, combining out or in focus

with diffraction (finite size lens) and without diffraction (infinitely extended lens), even

though we develop only the following cases.

2.3.1 Scalar wavefield for infinitely extended lens with π(ρi) on focus

The term exp

(
ik2ρ

2
L(−f−1 + s−1

o + s−1
i )

)
of eq. (2.35) is zero because the plane π(ρi)

is on focus.

Since a→∞,

χ[ρ<a](ρL) = 1 ∀ρL ∈ R2. (2.37)

Moreover the Dirac function is

ˆ
R2

e−ika·ρL =
(2π

k

)
δ(a), (2.38)
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permits to solve definitely the integral (2.36), where in the Eq. (2.38) is used

δ(kx) =
1

|k|
δ(x). (2.39)

Therefore the equation (2.36) becomes

CSF (ρi,ρo) = − k

2π

eik(so+si)

sosi
e
i k

2

(
ρ2o
so

+
r2i
si

)
δ
(ρo
so

+
ri
si

)
= − k

2π

eik(so+si)

sosi
e
i k

2

(
1+ so

si

)
ρ2
i

si

= CSF (ρi,ρo)
∣∣∣
ρo=−M−1ρi

.

(2.40)

The quantity M = si
so

is defined as the magnitude of the optical system. The final

calculation of Eq. (2.33) is

V (ρi, so + si) = − k

2πsosi
eik(so+si) exp

(
i
k

2si

(
1 +

so
si

)
ρ2
i

)
V (ρo, 0)

∣∣∣
ρo=−M−1ρi

(2.41)

We observe that to each point of the source situated on ρo ∈ π(ρo) corresponds exactly

one point on the screen ρi ∈ π(ρi) such that ρo = −M−1ρi, as it is shown in the figure

(2.3).

2.3.2 Scalar wavefield for finite size lens with π(ρi) on focus

In the case of finite size circular thin lens we have to compute the CSF on the plan

π(ρL) which is not a Dirac delta anymore. Let the set of points L ∈ π(ρL) where the

light passes through the lens defined as

L =
{
ρL ∈ π(ρL)

∣∣ρ2
L = x2

L + y2
L < a

}
(2.42)



Chapter 2. Correlations and Imaging 46

Figure 2.3: In geometric optics, the ideal ( or stigmatic) object-image correspon-
dence is a point-to-point correspondence. This ideal case rules out any consideration
of diffraction caused by the finite lens size. This sample image could be useful for the
wavefields correspondance and for the intensities correspondace as we will see in the

next section.

The coherence spread function is

CSF (ρi,ρo) =−
( k

2π

)2 eik(so+si)

sosi
e
i k

2

(
ρ2o
so

+
ρ2i
si

) ˆ
π(ρL)

χ[ρ<a](ρL)

× exp

(
i
k

2
ρ2
L

(
− f−1 + s−1

o + s−1
i

))

× exp

(
− ik

(ρo
so

+
ρi
si

)
· ρL

)
d2ρL

= −
( k

2π

)2 eik(so+si)

sosi
e
i k

2

(
ρ2o
so

+
ρ2i
si

) ˆ
L

exp

(
− ik

(ρo
so

+
ρi
si

)
· ρL

)
d2ρL

= − k

2π

eik(so+si)

sosi
e
i k

2

(
ρ2o
so

+
ρ2i
si

)
a

r
J1(ark),

(2.43)

where J1 is the first Bessel function shown in the figure (2.4) and obtained as
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Figure 2.4: Illustrative picture of the first Bessell’s function which describes the trend
of the coherence spread function in the case of the wavefield correnspondance and the

point spread function for the intensity correspondace.

ˆ
L

exp

(
− ik

(ρo
so

+
ρi
si

)
· ρL

)
d2ρL =

ˆ 2π

0
dθL

ˆ a

0
dρLρLe

−ikrρL cos(θL−θ)

=
2πa

kr
J1(ark).

(2.44)

To solve the integral (2.44) we used polar coordinates defined as

r =
ρo
so

+
ρi
si

= (x, y)→ (r cos θ, r sin θ) (2.45)

ρL = (xL, yL)→ (ρL cos θL, ρL sin θL) (2.46)

such that

r · ρL = rρL cos(θL − θ), (2.47)

and the transformation Jacobian is

∣∣∣∂(xL, yL)

∂(ρL, θL)

∣∣∣ = ρL. (2.48)

A wider explanation of the eq. (2.43) is in the Appendix. Since π(ρi) is on focus we

have the thin lens Gauss equation −f−1 + s−1
o + s−1

i = 0. Thereby the eq.(2.34) turns
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into

V (ρi, so + si) =

ˆ
π(ρo)

V (ρo, 0)CSF (ρi,ρ0)d2ρo

= − 2ak

sosi
eik(so+si)e

i k
2

ρ2i
si

ˆ ∞
0

V (ρo, 0)ρo
J1(akr(ρi,ρo))

r(ρi,ρo)
ei
k
2

ρ2o
so dρo.

(2.49)

2.3.3 Intensity on the image screen π(ρi)

In the previous section we have talked about the propagation of wavefield throughout

a simple imaging setup. Now we are interested to know the average intensity of light

measured on the screen π(ρi).

I(ρi, so + si) =
〈
|V (ρi, so + si)|2

〉
= 〈V (ρi, so + si)V

∗(ρi, so + si)〉

=

〈∣∣∣∣∣
ˆ
π(ρo)

V (ρo, 0)CSF (ρi,ρo)d
2ρo

∣∣∣∣∣
2〉

=

ˆ
π(ρo)×π(ρo)

〈
V (ρo, 0)V ∗(ρ′o, 0)

〉
CSF (ρi,ρo)CSF ∗(ρi,ρ

′
o)d

2ρod
2ρ′o

=

ˆ
π(ρo)×π(ρo)

W (ρo,ρ
′
o; 0)CSF (ρi,ρo)CSF ∗(ρi,ρ

′
o)d

2ρod
2ρ′o

(2.50)

Let us suppose to have a completely incoherent source defined as the limit for σg → 0

in the equation (2.67)

W (ρo,ρ
′
o; 0) =

〈
V (ρo)V

∗(ρ′o)
〉

=
√
I(ρo)I(ρ′o)g(ρo,ρ

′
o; 0)

=
√
I(ρo)I(ρ′o)

1√
2πσg2

e
− (ρo−ρ′o)2

2σg2
√

2πσg2

−→ C
√
I(ρo)I(ρ′o)δ(ρo − ρ′o) = CI(ρo)δ(ρo − ρ′o)

(2.51)

where C =
√

2πσg2 ∈ R+. Substituting the Eq. (2.51) into (2.50) we get

I(ρi, so + si) =

ˆ
π(ρo)×π(ρo)

CI(ρo)δ(ρo − ρ′o)CSF (ρi,ρo)CSF ∗(ρi,ρ
′
o)d

2ρod
2ρ′o

= C

ˆ
π(ρo)

I(ρo)|CSF (ρi,ρo)|2d2ρo

= C

ˆ
π(ρo)

I(ρo)PSF (ρi,ρo)d
2ρo.

(2.52)
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Definition 2.3.2. The point spread function is

PSF (ρi,ρo) = |CSF (ρi,ρo)|2. (2.53)

Indeed if we take a point-like source I(ρo) = aδ(ρo − ρ′o) where ρo,ρ
′
o ∈ π(ρo) on the

screen in π(ρi) we will get

I(ρi, so + si) = C

ˆ
π(ρo)

aδ(ρo − ρ′o)PSF (ρi,ρo)d
2ρo = CaPSF (ρi,ρ

′
o) (2.54)

In this apparatus we have already computed the CSF , whereby the Eq. (2.36) which we

rewrite here

CSF (ρi,ρo) = −
( k

2π
√
sosi

)2
eik(so+si) exp

(
i
k

2

(ρ2
i

si
+
ρ2
o

so

))

×
ˆ
π(ρL)

χ[ρ<a](ρL) exp

(
i
k

2
ρ2
L

(
− f−1 + s−1

o + s−1
i

))

× exp

(
− ik

(ρo
so

+
ρi
si

)
· ρL

)
d2ρL.

(2.55)

We can compare the following cases from the Eq.(2.50) and (2.52)

• coherent source

I(ρi, so + si) =

〈∣∣∣∣∣
ˆ
π(ρo)

V (ρo, 0)CSF (ρi,ρo)d
2ρo

∣∣∣∣∣
2〉

; (2.56)

• incoherent source

I(ρi, so + si) = C

ˆ
π(ρo)

I(ρo)|CSF (ρi,ρo)|2d2ρo. (2.57)

It is worth highlight the phase Exp

(
ik2

(
ρ2
i
si

+ ρ2
o
so

))
in the Eq. (2.55) disappears in the

incoherent case. Let us evaluate the intensity on the screen π(ρi) the in cases of infinite

and finite size lens in focus.
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• Intensity for infinite size lens

The intensity is obtained applying the definition into Eq.(2.41)

I(ρi, so + si) =
〈
− k

2πsosi
eik(so+si) exp

(
i
k

2si

(
1 +

so
si

)
ρ2
i

)
V (−M−1ρi, 0)

×− k

2πsosi
e−ik(so+si) exp

(
− i k

2si

(
1 +

so
si

)
ρ2
i

)
V ∗(−M−1ρi, 0)

〉
=
( k

2πsosi

)2
I
(
−Mρi

)
=
( 1

λsosi

)2
I
(
−Mρi

)
(2.58)

The intensity decreases proportionally to the distances so and si and for long

wavelength λ, even though we are assumin the optical geometric limit, whereby λ

is much lower than the obstacles which passes through.

• Intensity for finite size lens

– For the coherence source the intensity is determined by the Eq. (2.56) and

(2.49)

I(ρi, so + si) =

〈∣∣∣∣∣(− 2ka

siso

)ˆ
π(ρo)

V (ρo, 0)ρo
J1(akr(ρi,ρo))

r(ρi,ρo)
ei
k
2

ρ2o
so dρo

∣∣∣∣∣
2〉

;

(2.59)

– For the incoherent source is

I(ρi, so + si) =
a2

(sosiλ)2

ˆ
π(ρo)

I(ρo, 0)
J2

1 (akr(ρi,ρo))

r(ρi,ρo)
d2ρo

=
4πa2

(sosiλ)2

ˆ ∞
0

I(ρo, 0)ρo
J2

1 (akr(ρi,ρo))

r(ρi,ρo)
dρo.

=

ˆ
π(ρo)

I(ρo, 0)PSF (ρi,ρo)d
2ρo

(2.60)

PSF (ρi,ρo) =
a2

(sosiλ)2

J2
1 (akr(ρi,ρo))

r(ρi,ρo)
(2.61)

If we have a point-like source on the object plane π(ρo) such as I(ρo) = 2πAδ(ρo−

ρ′o), on the screen π(ρi), even if is in focus we will get from the Eq.(2.61). In the

figure (2.5) is shown an artist picture of (??).

The other cases are all possible ways to combine coherent and incoherent source when

the image plane π(ρb) is in and out focus behind an infinite or finite size lens. We have
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Figure 2.5: Each point source on π(ρo) is point-link source which passes through the
optical system and hits the screen π(ρo) spreading more and more its intensity, when
larger and larger is the lens aperture, accordingly the square Bessell function J2

1 , even
if the image is focused.

introduced the quantities of our interest and studied how to prapagate the complex

scalar wavefield in the framework of a simple setup as the one in figure (2.2). Now we

are ready to unveil the ghost imaging properties by the optical system shown in the

figure (2.6). Ghost imaging is a novel technique in which the object and the image

system are on separate optical paths. It was first demonstrated using entangled photon

pairs. This demonstration caused it to be regarded as a purely quantum effect, but

subsequent work gave wide support to a classical explanation.

2.4 Introduction to the ghost imaging effect

The history of ghost imaging began shortly after the birth of ghost interference. Al-

though we will consider only the former technique, our discussion will be clearer if we

begin with the latter. In 1995 Klyshko and co-workers published an intriguing paper on
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Figure 2.6: Experimental setup for the easiest way to obtain ghost imaging effect
with za = zb

two-photon ghost interference and diffraction[5]. A pair of entangled photons, conven-

tionally called the signal and the idler, are produced by spontaneous parametric down

conversion[18, 19] and sent along two different paths. A double slit is placed only in

the signal arm, and the two photons of each pair are eventually revealed by two distant

pointlike detectors. As expected, no first order interference pattern can be detected

behind the double slit, due to the insufficient spatial coherence of the individual beams.

Nevertheless, an interference pattern can be observed by counting coincidences between

the fixed detector and the idler detector as the latter is moved in a transverse direction.

The amazing aspect of this result is that the interference pattern is revealed by moving

the detector in the path that does not contain the double slit, hence the name ghost.

Since the explanation of this surprising result is related to the nonlocal correlations of

entangled photons, the experiment was classified as a purely quantum effect belonging

to the EPR Einstein-Podolsky-Rosen type[20].

In ghost imaging the apparatus differs slightly from the interference setup have just

described. A double slit mask is placed in the signal arm, but now the purpose of the

experiment is to retrieve an image of the double slit rather than the interference pattern

produced by it. To achieve this goal, all photons passing through the double slit are

conveyed onto a “bucket” detector located in the focal plane of a collecting lens. The

bucket detector can only reveal photon arrivals and cannot gain any information on the

aperture shape. The detector placed in the other arm (the idler) cannot acquire any
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information about the aperture because photons arriving at it followed the path where

the double slit was absent. It is remarkable that an image of the double slit can be

retrieved by correlating the outputs of two detectors, neither of which conveys informa-

tion about the shape of the aperture. In this case, too, the use of the term “ghost” is

appropriate. More recently the results of these experiments on ghost interference and

ghost imaging were described as purely nonlocal quantum effects, not amenable to a

classical interpretation[2, 21].

Bennink et al.[3] have realized a conceptually remarkable experiment that satisfied the

protocol of ghost imaging and was based on a classical source of light. Their apparatus

creates a pair of very thin rays whose propagation directions are individually random

but spatially correlated and thus mimic the spatial behavior of an entangled photon

pair[22]. Their experiment is able to emulate the imaging capability of the spontaneous

parametric down conversion apparatus because the latter exploits only the spatial cor-

relation of the beams (while correlations linking other properties of entangled photons

such as phase, energy, and polarization are not used). Later, Lugiato and co-workers

showed that classical ghost imaging can be produced not only by needlelike beams but

also by speckle beams of extended cross section[4, 23]. This result confirmed that the

essential nature of ghost imaging is in the mutual spatial correlation of the beams, whose

nature might be quantum entangled photon pairs or classical correlated needlelike rays

or pairs of beams endowed with random internal speckles. In either case a ghost image

can be retrieved using a suitable data processing technique.

2.5 The cross correlation function

In this section we want to describe the ghost imaging mathematically, describing the

fundamental role of the mutual spatial correlation function mentioned in the previous

chapter. In this context we can write it, as follows

W (ρa, za,ρb, zb) = 〈V (ρa, za)V
∗(ρb, zb)〉 . (2.62)

Using the definition (1.6.6) in terms of coherence degree we write the Eq. (2.62) in a

more suitable way as in the Eq. (2.63)

W (ρa, za;ρb, zb) =
√
I(ρa, za)I(ρb, zb)g(ρa, za;ρb, zb). (2.63)
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Figure 2.7: The intensity of light on
the source, σI = 0.05cm and σg =

0.05cm.
Figure 2.8: The intensity of light at a
distance z = 2m from the source, σI =

0.05cm and σg = 0.05cm.

In order to predict what we will detect, let us apply the Fourier Trasform of the Eq.

(2.62) in the paraxial approximation

W̃ (fa, za;fb, zb) = 〈ṽ(fa, za)ṽ
∗(fb, zb)〉 = 〈ṽ(fa, 0)ṽ∗(fb, 0)〉 e−

i
2z

(
f2
aza−f2

b zb

)

=W̃ (0)(fa,fb)e
− i

2z

(
f2
aza−f2

b zb

)
.

(2.64)

We involve the Eq. (2.64) in the context of the Gaussian Schell Model (GSM).

2.5.1 Gaussian Schell Model

Definition 2.5.1. The Gaussian Schell Model [24] is the assumption of gaussian distri-

bution source in (z = 0) which are both in the intensity and in the degree of coherence

I(ρ, 0) = Ae
− ρ2

2σ2
I (2.65)

g(0)(ρa − ρb) = e
− (ρa−ρb)

2

2σ2
g (2.66)

where A, σI and σg are positive constants. (See the fig. (2.8))

From the definition (2.63) the mutual spatial correlation function is

W (ρa,ρa; 0) = Ae
− ρ2

4σ2
I e
− ρ2

4σ2
I e
− (ρa−ρb)

2

2σ2
g (2.67)
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Figure 2.9: The mutual spatial co-
herence function evaluate only for one
dimension on the source, with σg =

0.05cm and σI = 0.175cm.

Figure 2.10: The mutual spatial co-
herence function evaluate only for one
dimension at a distance z = 18m,σg =

0.05cm and σI = 0.175cm.

Figure 2.11: The mutual spatial co-
herence function evaluate only for one
dimension at a distance z = 0m,σg =

0.05cm and σI = 0.16cm.

Figure 2.12: The mutual spatial co-
herence function evaluate only for one
dimension at a distance z = 0m,σg =

0.3cm and σI = 0.175cm.

shown in the fig. (2.11). To more detail see the Appendix relative on the directionality

of Gaussian Schell Model beams and the reference [11]. These types of sources are

important physically for two reasons. Firstly, a gaussian beam (e.g., the field produced

by a laser operating in its lowest mode) which has been degraded in such a way that

its phase varies randomly (and is characterized by a gaussian probability distribution).

Indeed, if σg → ∞ and σg → a/
√

2 in Eq. (2.67) one obtains the usual cross-spectral

density for a gaussian beam of r.m.s, radius a. Secondly, as was shown by Wolf and

Collett [25], with the proper choice of parameters a gaussian Schell-model source can

produce the same far field intensity as a laser. Note that if ρa − ρb � 1 this model

follows the assumption (1.23), and with the uniform random distribution the coherence

degree is null. In the Gaussian Schell Model framework the Fourier trasform of (2.67) is

W̃ (0)(fa,fb) =
A

(4π)2(a2 − b2)
exp

(
− α

(
f2
a + f2

b

)
− 2βfa · fb

)
. (2.68)
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The mutual spatial correlation function on the detector far a distance za from the source

and the other one at distance zb from the source is obtained substituting the Eq.(2.68)

into the (2.64) and antitrasforming it. The final result is

W (ρa, za;ρb, zb) =
A

∆̃(za, zb)
exp

(
1

∆̃(za, zb)δ2σ2
I

(
γbρ

2
a + γaρ

2
b − 2βρa · ρb

))
. (2.69)

To control better the latter quantities we applied the following mere mathematical def-

initions.

a =
1

2σ2
g

+
1

4σ2
i

b =
1

2σ2
g

(2.70)

α =
a

4 (a2 − b2)
β =

b

4 (a2 − b2)
(2.71)

γa = α+
iza
2k

γb = α− izb
2k

(2.72)

∆̃(za, zb) =16(γaγb − β2)(a2 − b2)

=1 +
zazb
k2σ2

Iδ
2

+
i

k
(za − zb)

(
1

δ2
+

1

4σ2
I

)
(2.73)

1

δ2
=

1

4σ2
I

+
1

σ2
g

(2.74)

To scrape the physics behavior of Eq. (2.69) , let us proceed gruadually from the simplest

assumption with za = zb.

2.5.2 Cross correlation function with za = zb

The mutual spatial correlation function in the (2.69) for za = zb = z is written in the

form of the Eq. (2.63) where the degree of coherence plays an important role that we

see in a while

W (ρa,ρb, z) = A
∆(z)2 exp

(
− (ρa+ρb)

2

8σ2
I∆(z)2

)
exp

(
− (ρa−ρb)2

2δ2∆(z)2

)
exp

(
ik

(ρ2
b−ρ

2
a)

2R(z)

)

= A
∆(z)2 exp

(
− (ρa+ρb)

2

4ρs(z)2

)
exp

(
− (ρa−ρb)2

2ρdg(z)2

)
exp

(
ik

(ρ2
b−ρ

2
a)

2R(z)

) (2.75)

where

∆(z)2 = Re∆̃(z, z) = 1 +

(
z

kσIδ

)2

(2.76)
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ρs(z) =
√

2σI∆(z) (2.77)

R(z) = z

(
1 +

(kσIδ
z

)2
)

(2.78)

ρ2
dg = δ2∆(z)2 =

1
1

4σ2
I

+ 1
σ2
g

+
z2

k2σ2
I

(2.79)

What we measure are real quantities, morover if we consider the intensity correlations

than the one of the wavefield we do not care about the phase exp

(
ik

(ρ2
b−ρ

2
a)

2R(z)

)
of the

Eq. (2.75). Therefore we will introduce before the intensity correlation function, also

called Glauber function, and then we are ready for a physical interpretation for this

latter quantities from the Eq. (2.76) to the Eq. (2.79).

2.6 Intensity correlations: Glauber function

From the definition of intensity in Eq. (1.33) we have

I(ρ, z) =
〈
|v(ρ, z)|2

〉
= W (ρ, z,ρ, z) (2.80)

and in the Schell model which we are studying the averaged intensity in the point z

along the propagating axis becames

I(ρ, z) =
A

∆(z)2
exp

(
− ρ2

ρs(z)2

)
. (2.81)

Thanks to the Eq. (2.81) we can define the intensity correlation function on the detector

for the setup in the figure (2.13).

Definition 2.6.1. The Glauber function is the intensity correlation function of the

points ρa and ρb respectively for the detector A located a distance za from the source,

and analogously for the detector B at a distance za from the source.

G(2)(ρa, za;ρb, zb) = 〈V (ρa, za)V
∗(ρa, za)V (ρb, zb)V

∗(ρb, zb)〉 . (2.82)
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Figure 2.13: The ghost imaging setup with za = zb = z. The signal from to get the
detector A never interacts with the double slit mask which we want to take the picture.

Assuming random phases for gaussian probability distribution and thanks to the Isserlis-

Wick theorem we achieve

G(2)(ρa, za;ρb, zb) =I(ρa, za)I(ρb, zb) + Γ(ρa, za;ρb, zb)

=I(ρa, za)I(ρb, zb)

(
1 +

∣∣g(ρa, za;ρb, zb)
∣∣2) (2.83)

where

Γ(ρa, za;ρb, zb) =
∣∣W (ρa, za;ρb, zb)

∣∣2. (2.84)

To reach our goal we need to know the degree of coherence g(ρa, za;ρb, zb) and the Eq.

(2.83) is the general form useful for any kind of source. Even though for our purposes,

we can limitate to compute it in the Gaussian Schell Model.
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2.6.1 Glauber function in the GSM

The degree of coherence is consequentially obtained from the cross correlation function

in the Eq. (2.69), thus one gets

g(ρa, za;ρb, zb) =

∆(za)∆(zb)

∆̃(za,zb)
exp

(
− Ea(za, zb)ρ2

a

)
exp

(
− Eb(za, zb)ρ2

b

)
exp

(
2β

∆̃(za,zb)δ2σ2
I

ρa · ρb

)
,

(2.85)

where

Ea(za, zb) =
γb

∆̃(za, zb)δ2σ2
I

+
1

ρs(za)2
, (2.86)

Eb(za, zb) =
γa

∆̃(za, zb)δ2σ2
I

+
1

ρs(zb)2
. (2.87)

An expression of the Eq. (2.85) whose dependences on the difference ρa−ρb is not such

easy to evaluate. Nonetheless we are interested of the absolute squared value of g, which

is a better observable as it will be show in the Eq. (2.92).

2.6.2 The limit of incoherent source

We want to investigate the (2.85) in the limit where σg → 0, that rapresent the limit of

incoherent source as it could be observe by (2.66). For σg → 0 follows

∆(za)∆(zb)

∆̃(za, zb)
=

1

1 + ikσ2
I

(za−zb)
zazb

, (2.88)

Ea(za, zb) =
γb

∆̃(za, zb)δ2σ2
I

, Eb(za, zb) =
γa

∆̃(za, zb)δ2σ2
I

. (2.89)

and

∆̃(za, zb)δ
2σ2
I =

zazb
k2

+ i
σ2
I

k
(za − zb) (2.90)

which is a finite quantity. Then the exponent of the Eq. (2.85) is

− 1
∆̃(za,zb)δ2σ2

I

(
γbρ

2
a + γaρ

2
b − 2βρa · ρb

)
=

−
k2σ2

I (ρazb−ρbza)2+i

(
kzazb(ρ2

bza−ρ
2
azb)−k3σ4

I (ρa−ρb)2(za−zb)

)
2(k2σ4

I (za−zb)2+z2
az

2
b)

.

(2.91)
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Hence

|g(ρa, za;ρb, zb)|2 =
1

1 + k2σ4
I (za − zb)2/(zazb)

exp

(
− (ρbza − ρazb)2

σ2
I (za − zb)2 +

z2
az

2
b

k2σ2
I

)
. (2.92)

Eq. (2.92) is more than what we require, because the ghost imaging regards the setup

in fig. (2.6) with za = zb. Eq. (2.92) is extremely important when we include it in our

final outcome expressed by Eq. (3.47), adopting it for a specific experimental setup.

2.6.3 The Glauber function with za = zb

In this section we want apply the Eq.(2.69) for the subset of application where za = zb.

Let us consider the Glauber function, which depends on the absolute squared value of

degree of coherence, then, starting from the Eq. (2.75), in the case of za = zb, the Eq.

(2.85) turns into

g(ρa − ρb, z) = exp

(
− (ρa − ρb)2

2ρdg(z)2

)
exp

(
ik

(ρ2
b − ρ2

a)

2R(z)

)
. (2.93)

Finally we obtain Eq. (2.83) as follows

G(2)(ρa;ρb, z) =I(ρa, za)I(ρb, zb)

(
1 + exp

(
− (ρa − ρb)2

ρdg(z)2

))

=
A2

∆(z)4
exp

(
−
ρ2
a + ρ2

b

ρs(z)2

)(
1 + exp

(
− (ρa − ρb)2

ρdg(z)2

)). (2.94)

From Eq. (2.94) we observe very important proprieties regarding the ghost imaging

effect that we shall discuss later the comparison between two entities. These two enti-

ties are the mutual spatial correlation function W (ρa,ρb, z) and the Glauber function

G(2)(ρa;ρb, z), which could seems at first glance from their definitions mathematically

similar, but physically different.

Remark. Comparing G(2)(ρa;ρb, z) and W (ρa,ρb, z) from the (2.94) and the (2.75) re-

spectively we can observe that for completely incoherent source where σg → 0

• W (ρa,ρb, z)→ 0

• G(2)(ρa,ρb, z)→∞
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The former evaluate the correlations between the wavefield, which are too difficult to

measure experimentally. On the other hand the detectors that we implement in our

experiments detect the intensity of light. Now that we know explicitly the degree of

coherence, and subsequently the glauber function it is possible to explain the ghost

imaging effect by the Eq. (2.94). However, for a more elegant way to highlight the

fluctuations of the source we define the fluctuations function.

Definition 2.6.2. the intensity fluctuation is defined strarting from the istantaneous

intensity definitions, namely i(ρ, z) = v(ρ, z)v∗(ρ, z) = |v(ρ, z)|2, in the following way

∆I(ρ, z) = i(ρ, z)− I(ρ, z) (2.95)

Since the istantaneous intensity is a random process, also the fluctuations function is it.

Proposition 2.6.1. The correlation fluctations function is

〈∆I(ρa, za)∆I(ρb, zb)〉 = I(ρa, z)I(ρb, z)|g(ρa, za;ρb, zb)|2 (2.96)

In the Schell model the (2.96) becames

〈∆I(ρa, z)∆I(ρb, z)〉 =I(ρa, z)I(ρb, z) exp

(
− (ρa − ρb)2

ρdg(z)2

)

'|I(ρb, z)|2 exp

(
− (ρa − ρb)2

ρdg(z)2

) (2.97)

The last approximation is due to the δ-like exponential, in fact when σg → 0:

ρdg(z) ∼ z/kσI . (2.98)

Now, we want to estimate the error. Hence, let us consider the Taylor expansion centred

on ρb

I(ρa, z) = I(ρb, z) + ∇I(ρb, z) · (ρa − ρb) + o(ρa − ρb). (2.99)

From the (2.65) the (2.99) is

I(ρa, z) = I(ρa, z) + I(ρb, z)
|ρb|
ρs(z)

ρdg
ρs

+ o(ρa − ρb) (2.100)
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The uncertainty is of the order ρdg(z)/ρs(z) ∼ (z/kσI)(kσg/
√

2z). Accordingly the

Taylor expansion for σg → 0 results ρdg(z)/ρs(z) ∼ 0.

The Eq. (2.97) includes everything about ghost imaging effect.

Note that our signal to measure are properly the fluctuations between the two points

on the detectors. For each fixed point ρa on the detector Da the correlation is not

zero for all points ρb on the detector Db such that |ρa − ρb| . ρdg. The concept key

underlying the ghost imaging is the correspondance between ρa and ρb as well as the

correspondace between ρo and ρi that we studied for the thin lens imaging. Physically

it means that the fluctuation correlations adopted in the ghost imaging are a powerful

device for imaging systems useful in a wide field of applications.



Chapter 3

Fluctuations in Correlation

Plenoptic Imaging

“In any field find the strangest thing and then explore it.”

John A. WHEELER

In the previous chapter we get acquainted with the ghost imaging effect. In this chap-

ter we want to implement it in plenoptic imaging through second-order correlations of

chaotic light overcoming the limitations of first-order plenoptic imaging.

3.1 Plenoptic cameras

Conventional cameras do not record most of the information about the light distribu-

tion entering from the world. The goal of the plenoptic camera is to re-capture this lost

information: to measure not just the total amount of light at each point on the photo-

sensor, but rather the amount of light traveling along each ray that intersects the sensor.

One can also think of this as capturing the directional lighting distribution arriving at

each location on the sensor. The purpose of capturing the additional directional data is

to allow us to apply ray-tracing techniques to compute synthetic photographs flexibly

from the acquired light. The overall concept is to re-sort the rays of light to where they

would have terminated if the camera had been configured as desired. The key feature of

63
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Figure 3.1: Standard imag-
ing setup

Figure 3.2: In the plenoptic configu-
ration the microlens array allow to light
ray re-tracing. Nx is the number of mi-
crolens and Nu is the amount of pixel

for each microlens.

a plenoptic imaging device is a microlens array inserted in the native image plane, be-

tween the imaging lens and the sensor. The microlenses act as imaging pixels to collect

spatial information of the scene. Moreover, each one of them reproduces an image of the

main lens on the sensor array (see Fig. (3.3)), thus providing the angular information

associated with each imaging pixel[26] Despite being very useful for extending the depth

Figure 3.3: The lens focuses the object on a lenslet array. Each microlens focuses the
main lens on a macropixel (blue lines) of the sensor to provide directional information.

of field,the structure of plenoptic imaging devices entails a strong trade-off between spa-

tial and angular resolution, in the form of an inverse proportionality. If Ntot is the total

number of pixels per line on the sensor, Nx the number of microlenses per line, and

Nu the number of pixels per line associated with each microlens, thenNxNu = Ntot.

Essentially, standard PI gives the same resolution and DOF one would obtain with a

Nu times smaller NA. In the standard optical devices the fundamental coupling between

the size of the lens aperture and the depth of field (DOF) follows the Eq. () and the

Eq. () (See fig. () and ()).
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• Depth of field (DOF)

DOF ∝ λ

NA2 (3.1)

• Resolution (Rayleigh criterion):

r =
0.61λ

NA
(3.2)

Figure 3.4: In the standard optical devices there are a fundamental coupling between
the size of the lens aperture and the depth of field (DOF).

Correlation plenoptic imaging (CPI) has recently been proposed for overcoming this

fundamental limit [27]. The main idea is to exploit the second-order spatio-temporal

correlation properties of light to perform spatial and directional detection on two distinct

sensors: Using correlated beams, high-resolution ghost imaging is performed on one

sensor while simultaneously obtaining the angular information on the second sensor. As

a result, the relation between the spatial (Nx) and the angular (Nu) pixels per line, at

fixed Ntot, becomes linear:Nx +Nu = Ntot, as it is shown in the figure (3.5).

Figure 3.5: The values of Nx and Nu achievable with a standard plenoptic camera
(blue dashed line) and a plenoptic correlationimaging camera (red solid line), for Ntot =

50.
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Figure 3.6: Scheme of an experimental setup that combines ghost imaging and plenop-
tics. The lens Lb focuses the source on the sensorDb, enabling directional reconstruction

3.2 Correlation Plenoptic Imaging setup

A schematic representation of the experimental setup for Correlation Plenoptic Imaging

is reported in Figure (3.6). Based on the ghost imaging phenomenon, intensity correla-

tion measurement between each pixel of Sa and the whole sensor Sb enables retrieving

an image of the object on the plane of Sa. Such ghost image is focused provided the

distance za between the source and the sensor Sa is equal to the distance zb between

the source and the object. Due to the spatio-temporal correlation properties of chaotic

light, the light source plays the role of a focusing element, and replaces the lens of a

standard imaging system characterized by an image magnication M = 1, as we have

seen in the previous chapter. This justifies the name of spatial sensor for detector Sa,

despite it detects a light beam that has never passed through the object. The signals

from the two detectors are correlated by the second-order correlation function of the

Eq.(2.69).
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3.3 Theoretical description

In order to unveil such imaging properties, the second-order correlation function defined

in Eq. (2.82) reads for a stationary, quasi-monochromatic and chaotic source

G(2) = (ρa,ρb) = Ia(ρa)Ib(ρb) + Γ(ρa,ρb). (3.3)

Computations of Eq. (3.3) start from the propagated scalar wavefield as we learnt in the

previous chapters and rewrite in the Eq (3.4). To this end, we use the paraxial Gaussian

propagator of the Eq. (3.6).

V (ρ, z) =

ˆ
π(ρs)

G(ρ− ρo, z)V0(ρo)d
2ρo (3.4)

G(ρ− ρo, z) = G(ρ− ρo; z)h(k, z) (3.5)

G(ρ− ρo; z) = G(ρ− ρo)[ k
z

] = ei
k
2z (ρ− ρo); h(k, z) =

eikz

2πiz
(3.6)

At this stage, it could be suitable define the Eq. (3.4) as

V (ρa, za) =

ˆ
π(ρa)

drhosga(rhoa, rhos)V0(rhos) (3.7)

Let V (ρs, 0) = V0(ρs), the wavefield on the source (z = 0) and the quantity f(ρs) its

source profile. The wavefield on the detector Sa at the distance za from the source, as

shown in the figure (3.6), is

V (ρa, za) = h(k, za)

ˆ
π(ρs)

ga(ρ, ρs)V (ρs, 0)d2ρs

= h(k, za)

ˆ
π(ρs)

d2ρsV0(ρs)G(ρa)[ k
za

]G(ρs)[ k
za

]ei kza ρa·ρs
= h(k, za)G(ρa)[ k

za

] ˆ
π(ρs)

d2ρsV0(ρs)G(ρs)[ k
za

]
= Ca(ρa, za)

ˆ
π(ρs)

d2ρsV0(ρs)G(ρs)[ k
za

]. (3.8)

Ca(ρa, za) is defined as

Ca(ρa, za) = h(k, za)G(ρs)[ k
za

]. (3.9)
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Computation of the wavefield V (ρb, zb) on the bucket detector DB is defined as

V (ρb, zb) =

ˆ
π(ρb)

drhosgb(rhob, rhos)V0(rhos). (3.10)

Therefore involving the integrals throughout the object and the lens planes, namely

V (ρb, zb) =

h(k, zb)h(k, So − zb)h(k, Si)

ˆ
π(ρs)

d2ρsf(ρs)e
iκ·ρs

ˆ
π(ρo)

d2ρoA(ρo)G(ρo − ρs)[ k
zb

]
×
ˆ
π(ρl)

d2ρlG(ρl − ρo)[ k
(So−zb)

]G(ρl)[− k
F

]G(ρb − ρl)[ k
Si

]

= h(k, zb)h(k, Si)
−iω0

2πc(So − zb)
eikSo−zbG(ρb)[ k

Si

] ˆ
π(ρs)

d2ρs

ˆ
π(ρo)

d2ρof(ρs)A(ρo)×

× eiκ·ρse−i
k
zb
ρo·ρsG(ρo)[k So

(So−zb)zb

]G(ρs)[ k
zb

] 2πc

−iω0

(So − zb)So
zb

G(ρo)[−k So
(So−zb)zb

]×
×G(ρb)[−k (So−zb)So

zbS
2
i

]e−ik So
zbSi

ρo·ρb

= h(k, zb)h(k, Si)
So
zb
eikSo−zbG(ρb)[ k

Si
−k (So−zb)So

zbS
2
i

] ˆ
π(ρs)

d2ρs

ˆ
π(ρo)

d2ρof(ρs)A(ρo)e
iκ·ρs×

× e−i
k
zb
ρo·(ρs+

ρb
M

)
G(ρs)[ k

zb

]

= Cb(ρb, zb)

ˆ
π(ρs)

d2ρs

ˆ
π(ρo)

d2ρof(ρs)A(ρo)e
iκ·ρse

−i k
zb
ρo·(ρs+

ρb
M

)
G(ρs)[ k

zb

]. (3.11)

Moreover

Cb(ρb, zb) = h(k, zb)h(k, Si)
So
zb
eikSo−zbG(ρb)[ k

Si
−k (So−zb)So

zbS
2
i

]. (3.12)

Knowing V (ρa, za) and V (ρb, zb) we can obtain the mutual spatial coherence function.

Γ(ρa,ρb) =

∣∣∣∣ˆ dκg∗a(ρa,κ)gb(ρa,κ)

∣∣∣∣2 . (3.13)
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ˆ
dκg∗a(ρa,κ)gb(ρa,κ) = C∗a(ρa, za)

ˆ
dρsf

∗(ρs)e
−i(κ− ω0

cza
ρa)·ρsG∗(ρs)[

ω0
cza

]Cb(ρb, zb)×

×
ˆ
dρ′s

ˆ
dρof(ρ′s)A(ρo)e

iκ·ρ′se
−i ω0

czb
ρo·(ρ′s+

ρb
M

)
G(ρ′s)[

ω0
czb

] =

= 2πC∗a(ρa, za)2πCb(ρb, zb)

ˆ
dρsdρoF (ρs)G(ρs)[

ω0
c

( 1
zb
− 1
za

)]A(ρo)×

× e
iω0
czb

[(ρo−
zb
za
ρa)·ρs+ρo·

ρb
M

]
(3.14)

The crossed part of the second-order correlation function (3.3), on which the following

analysis will be focused, reads

Γ(ρa,ρb) = Ka(za)Kb(zb)

∣∣∣∣ˆ dρsdρoF (ρs)G(ρs)[
ω0
c

( 1
zb
− 1
za

)]A(ρo)e
iω0
czb

[(ρo−
zb
za
ρa)·ρs+ρo·

ρb
M

]
∣∣∣∣2

(3.15)

the notation has been chosen to highlight its dependence on the distances za and zb.

The imaging properties associated with the result of Eq.(3.15) will be discussed in the

next section. For now, let us observe that integration over the whole directional sensor

Sb, at fixed ρa, yields an incoherent image of the object, whose point-spread function

is determined by the Fourier transform of F (s)G(s). Thus, the minimal point-spread

occurs when zb = za, and coincides with the typical ghost imaging, as we have seen the
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the previous chapter, in the Eq. (2.97). In general we have

ˆ
dρbΓ(ρa,ρb) = Ka(za)Kb(zb)×

×
ˆ
dρb

∣∣∣∣ˆ dρsdρoF (ρs)G(ρs)[
ω0
c

( 1
zb
− 1
za

)]A(ρo)e
iω0
czb

[(ρo−
zb
za
ρa)·ρs+ρo·

ρb)

M
)]
∣∣∣∣2 =

= Ka(za)Kb(zb)

ˆ
dρbdρodρ

′
odρsdρ

′
sF
∗(ρs)F (ρ′s)G

∗(ρs)[
ω0
c

( 1
zb
− 1
za

)]G(ρ′s)[
ω0
c

( 1
zb
− 1
za

)]×

×A∗(ρo)A(ρ′o)e
iω0
czb

[(ρo−
zb
za
ρa)·ρse

− iω0
czb

[(ρ′o−
zb
za
ρa)·ρ′se

− iω0
czb

ρb
M
·(ρo−ρ′o) =

= Ka(za)Kb(zb)

ˆ
dρbdρodρ

′
odρsdρ

′
sF
∗(ρs)F (ρ′s)G

∗(ρs)[
ω0
c

( 1
zb
− 1
za

)]G(ρ′s)[
ω0
c

( 1
zb
− 1
za

)]×

×A∗(ρo)A(ρ′o)e
iω0
czb

[(ρo−
zb
za
ρa)·ρse

− iω0
czb

[(ρ′o−
zb
za
ρa)·ρ′se

− iω0
czb

ρb
M
·(ρo−ρ′o) =

= Ka(za)Kb(zb)

ˆ
dρodρ

′
odρsdρ

′
sF
∗(ρs)F (ρ′s)G

∗(ρs)[
ω0
c

( 1
zb
− 1
za

)]G(ρ′s)[
ω0
c

( 1
zb
− 1
za

)]×

×A∗(ρo)A(ρ′o)e
iω0
czb

[(ρo−
zb
za
ρa)·ρse

− iω0
czb

[(ρ′o−
zb
za
ρa)·ρ′s(

czbM

ω0
)2(2π)2δ(ρo − ρ′o) =

= Ka(za)Kb(zb)

(
czbM

ω0

)2

(2π)2

ˆ
dρodρsdρ

′
sF
∗(ρs)F (ρ′s)G

∗(ρs)[
ω0
c

( 1
zb
− 1
za

)]×

×G(ρ′s)[
ω0
c

( 1
zb
− 1
za

)] |A(ρo)| e
iω0
czb

[(ρo−
zb
za
ρa)·(ρs−ρ′s) =

= cost(za, zb)

ˆ
dρo |A(ρo)|2

∣∣∣∣ˆ dρsF (ρs)G(ρs)[
ω0
c

( 1
zb
− 1
za

)]e
iω0
czb

[(ρo−
zb
za
ρa)·ρs

∣∣∣∣2 . (3.16)

Instead the integral of what we have seen in the Eq. (2.97) is obtained for za = zb (see fig.

(3.7)) as in the Eq.(3.17) To better highlight the correspondance properties between the

Figure 3.7: Standard chaotic ghost imaging focused with za = zb. The sensor Db

is a bucket detector collecting light trasmitted by the entire object, with no spatial or
directional resolution.

points ρa and (ρb) let us consider the quantity Σza(ρa) as the integral which correlates
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a point on the idler and all points of the bucket detector where the signal passes through

the object mask.

Σza(ρa) =

ˆ
dρbΓ(ρa,ρb) = K(za)

ˆ
dρodρsdρ

′
s |A(ρo)|2 F ∗(ρs)F (ρ′s)e

iω0
cza

(ρo−ρa)·(ρs−ρ′s)

= K(za)

ˆ
dρo |A(ρo)|2

∣∣∣∣F̃ [ ω0

cza
(ρo − ρa)

]∣∣∣∣2 . (3.17)

K(za) is a constant since in our analysis za is kept fixed. Notice that, based on the

structure of the correlations, the source acts as a phase conjugate mirror, hence the

correlated modes in the two arms of the setup are characterized by identical transverse

momenta.

3.4 Refocusing

To unveil the plenoptic properties encoded in the correlation term Γ(ρa,ρb) of Eq. (3.17),

it is worth resorting to the geometrical optics limit ω0 −→∞. Let us first observe that

the double integral in Eq.(16) has the form

ˆ
d2ρoρsA(ρo)F (ρs)e

ikϕ(ρo,ρs;ρa,ρb). (3.18)

By the stationary phase method[28], in the geometrical optics limit,the nontrivial part

of the second-order correlation function asymptotically behaves like

Γ(ρa,ρb) ∼ F
(ρb
M

)2
∣∣∣∣A(ρo(ρa,ρb))∣∣∣∣2, (3.19)

where

ρo(ρa,ρb) =
za
zb
ρa −

ρb
M

(
1− za

zb

)
= αρa + βρb. (3.20)

which is, it contains information on both the object and the source. If za 6= zb the inte-

gration over ρb would cancel the information on the aperture function of the object, thus

making it impossible to retrieve the ghost image. This indicates the crucial role played

by the high-resolution detector Db, as opposed to the bucket detector of standard ghost

imaging, for plenoptic imaging purposes. In fact, the out-of-focus image obtained by the

correlation measurement can be correctly reconstructed (i.e., refocused) by employing
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the following scaling property:

Γ(ρo(ρa,ρb)) ∼ F
(ρb
M

)2∣∣A(ρa)
∣∣2, (3.21)

This scaling property is formally identical to the one employed in plenoptic imaging.

In fact, as in standard plenoptic imagig, refocusing is enabled by the information on

the propagation direction of the lightwhich contributed to the image formation. In our

framework, correlation measurement enables identifying the source point from which

light has been emitted, and thus to reconstruct the signal “trajectory” from the source

to the detector, through the object. This result is related with another relevant imaging

property, of practical interest for 3D imaging. To understand these properties we need to

study the second-order intensity fluctuation correlations in the most general formalism

which combines ghost imaging and plenoptics.

3.5 Second-order intensity correlations

Measurements of the ghost are repeated K times, each time with a different speckle

pattern. The ghost image of the object is then formed in the following manner. The

pattern recorded by the CCD array is multiplied by the energy measured by the bucket

detector, and this result is summed over all of the K measurements. To calculate the

equation (3.36) and (3.41) we will start from Glauber’s detection theory. We can write

the ghost imaging signal for a pixel centered at point xA as

〈S(xA)〉 =

ˆ
∆(xA)

ˆ
π(ρb)

d2ρb 〈VA(ρa, za)V
∗
A(ρa, za)VB(ρb, zb)V

∗
B(ρb, zb)〉

=

ˆ
∆(xA)

ˆ
π(ρb)

d2ρbG
(2)
A,B(ρa,ρb)

=

ˆ
∆(xA)

ˆ
π(ρb)

d2ρb

(
IA(ρa)IB(ρb) + ΓA,B(ρa,ρb)

)
.

(3.22)

In Eq. (3.22) we use the Glauber function, in terms of the instantaneuos Glauber

function g(2)(αρa + βρb,ρb) it becames

G
(2)
A,B(ρa,ρb) =

〈
g

(2)
A,B(ρa,ρb)

〉
=IA(ρa)IB(ρb) + ΓA,B(ρa,ρb).

=IA,aIB,b + ΓA,B;a,b,

(3.23)
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where the first label with the capital letter points out the detector and the second label

with lowercase letters indicates the points on the detector and ∆(x) is the area of the

pixel. The integration over π(ρb) is taken to be the entire transverse plane, whereas the

integral over xA is taken over the area of a pixel. In the case of thermal ghost image

we assume that for each measurement the incoherent light field can be modeled as an

independent Gaussian-Schell model (GSM) source as we have seen in the previous chap-

ter. A GSM source can be fully characterized by its second-order correlation function

which we represent as in Eq.(2.75). Moreover all higherorder moments can be calcu-

lated in terms of the second-order moments through use of the Wick-Isserlis theorem.

Finally the expected signal is given by the ensemble average of Eq. (3.22) over the K

measurements. By applying Eq. (2.94) we obtain

〈S(xA)〉 = ∆(xA)IA(ρa)

ˆ
π(ρb)

d2ρbIB(ρb)

(
1 + exp

(
− (
ρa − ρb)2

ρdg(z)2

))
A(ρb). (3.24)

We add the object function A(ρb) in Eq.(3.24) which decribe the trasmission wavefield

throughout the mask that we want to detect. At this point, we make some assumptions

that greatly simplify the ensuing development. First, we assume that the transverse

extent of the illuminating speckle field is sufficiently large that its mean intensity is

essentially constant over the transverse size of both the CCD array and the object

IB(ρb)IA(ρa) ∼ const . Second, we assume that the source has a sufficiently small

transverse coherence length that the transmission of the object A(ρb) does not vary

significantly on the scale of the coherence length

A(ρb) exp
(
− (ρa − ρb)2

ρdg(z)2

)
≈ A(xA) exp

(
− (ρa − ρb)2

ρdg(z)2

)
(3.25)

where x ∈ ∆(x). Finally, we assume that each pixel of the CCD is sufficiently small

that both A(ρb) and exp
(
− ρa−ρb

ρdg(z)2

)2
are approximately constant over ∆(x). Using

these assumptions, we can rewrite 〈S(xA)〉 as

〈S(xA)〉 = ∆(xA)RTKN2

(ˆ
π(ρb)

d2ρbA(ρb) +A(xA)πρdg(z)
2

)
. (3.26)

where N is the mean number of photons per unit area at the center of the GSM beam,

K the number of speackle, R and T respectively the reflection and the trasmission

coefficient. All of these quantities are included in the intensities Ia e Ib. ∆(xA) is the
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area of one pixel of the CCD. This expression can be rewritten in a more intuitive fashion

as

〈S(x)〉 = KN∆(NB +NsA(xA)) (3.27)

where N∆ ≡ RN∆ is the average number of photons incident on one pixel of the CCD

per realization, NB ≡ TN
´
A(x) is the average number of photons transmitted through

the object and incident on the bucket detector per realization, and NS ≡ TNπρdg(z)
2

is the average number of photons in one coherence area, as well as a speckle incident on

the object per realization. Clearly, the image-carrying portion of the signal rides on an

object-dependent background proportional to NB. The mean background level can be

determined by considering the total signal at a point xbkgd where Axbkgd = 0. Thus,

the background is given by

〈Sbckg〉 = KN∆NB. (3.28)

Moreover, the image-carrying portion of the signal is given by

〈Ssignal〉 = KN∆NsA(xA). (3.29)

From these results we see that the maximum signal-to-background ratio is

〈Ssignal〉
〈Sbckg〉

=
NS

NB
. (3.30)

which is inversely proportional to the number of speckles transmitted through the object.

In other words, the contrast becomes degraded as the number of speckles transmitted

through the object increases. Intuitively we can understand this behavior as follows.

The speckles incident on each pixel of the CCD are correlated only with the speckles

passing through the corresponding position of the object. These speckles are responsible

for the imagecarrying portion of the signal. However, the bucket detector also detects

uncorrelated speckles that pass through other regions of the object. These speckles

lead to a background contribution to the signal. As the number of speckles transmitted

through the object increases, the background increases linearly with no corresponding

increase in the image-carrying portion of the signal. Hence, the contrast is reduced.
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3.5.1 Signal-to-noise

We next calculate the signal-to-noise ratio. In performing this calculation, we consider

the “signal” to be the expectation value of the image-carrying portion of the signal.

the image-carrying portion of the signal rides on a noisy background that is partially

correlated with the image-carrying portion of the signal itself. Because of this correla-

tion, noise in the image-carrying portion of the signal and noise in the background can

partially cancel each other when the background is subtracted. We should compute the

following quantity

σα,βza,zb(ρa)
2 =

ˆ
π(ρb)2

d2ρb1d
2ρb2g

(2)
A,B(αρa + βρb1 ,ρb1)g

(2)
A,B(αρa + βρb2 ,ρb2)

=

ˆ
π(ρb)2

d2ρb1d
2ρb2iA(αρa + βρb1)iA(αρa + βρb2)iB(ρb1)iB(ρb2)

=

ˆ
π(ρb)2

d2ρb1d
2ρb2iA,αa+βb1iA,αa+βb2iB,b1iB,b2

(3.31)

. Nonetheless, we consider a general treatment which include also the plenoptic. First

all, let us introduce the Wick-Isserlis theorem, which is fundamental for a long amount

of calculations.

3.5.2 Wick-Isserlis’ theorem

In probability theory, Isserlis’ theorem or Wick’s theorem is a formula that allows one

to compute higher-order moments of the multivariate normal distribution in terms of its

covariance matrix. This theorem is particularly important in particle physics, where it

is known as Wick’s theorem after the work of Wick (1950). Other applications include

the analysis of portfolio returns, quantum field theory and generation of colored noise.

The theorem states that if (V1(r), . . . , V2n(r) is a zero-mean multivariate normal random

vector, then

〈V1(r) · · ·V2n(r〉 =
∑∏

〈Vi(r〉Vj(r (3.32)

and

〈V1(r) · · ·V2n−1(r〉 = 0, (3.33)

where the notation
∑∏

means summing over all distinct ways of partitioning (V1(r), . . . , V2n(r)

into pair (Vi(r)Vj(r) and each summand is the product of the n pairs. The the terms
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of the sum are
2n

2nn!
= (2n− 1)!! (3.34)

For example, for fourth order moments (four variables) there are three terms. For sixth-

order moments there are 3 · 5 = 15 terms, and for eighth-order moments, where we are

interested, there are 3 · 5 · 7 = 105 terms!!(It is the case to use the double factorial). For

this reason we are adopted the code in appendix wrote in Mathematica. The core of the

alghoritm is the recursive step

〈V1(r) · · ·V2n(r〉 =
2n∑
i>1

〈V1(ρ)Vj(ρ)〉

〈 ∏
j∈2,...,n;j 6=i

Vj(r)

〉
(n 6= 0). (3.35)

In particular we can use this theorem since for an high illumination, when the beam is

described by a gaussian distribution.

3.5.3 Fluctuations correlation in plenoptic imaging

At this stage we want to extend our analysis on the Σ-functions, which describe the

intensity fluctuations correlation useful to determine the signal-to-noise ratio. We want

to introduce the a new kind of notation for the following description. about the second-

order correlations for the intensity fluctuation function. Let Σα,β
za,zb(ρa,ρb) the idler

fluctuations function, as called because it is what the detector Sa measures. It is defined

as

Σα,β
za (ρa) =

〈
σα,βza,zb(ρa)

〉
. (3.36)

and

σα,βza,zb(ρa) =

ˆ
π(ρb)

d2ρb∆iA(αρa + βρb)∆iB (ρb)

=

ˆ
π(ρb)

d2ρb

[(
iA(αρa + βρb)− 〈iA(αρa + βρb)〉

)(
iB(ρb)−

〈
iB(ρb)

)〉]

=

ˆ
π(ρb)

d2ρb∆iA,αρa+βρb∆iB ,ρb

(3.37)

We observe that σα,βza,zb(ρa) has ρa as argument, since we are integrate for all ρb, and the

dependence on α and β is expressed after the integration by za and zb. In fact, from the
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previous section we have

α =
za
zb
, β =

1

M

(
1− za

zb

)
. (3.38)

For a synthetic notation we express the arguments in this way

∆iA(αρa + βρb)→ ∆A,αa+βb ∆iB (ρb)→ ∆B,b (3.39)

where ρm → m for m = a, b. The Eq.((3.37)) is the most general function that we will

consider. In summary, due to the peculiar position and momentum correlation of chaotic

sources, the second-order correlation function possesses plenoptic properties, namely, it

enables the simultaneous measurement of both spatial and angular information. This

intriguing result indicates that the fluctuations, and probably higher orders, in plenoptic

imaging may represent a natural playground for the position and momentum correlations

of chaotic sources to find a realistic practical application. Therefore, our final aim is

evaluate the idler fluctuation function, as well as the Eq (3.36) and its noise (3.41).

1. The idler fluctuation function

Σα,β
za,zb

(ρa) =
〈
σα,βza,zb(ρa)

〉
; (3.40)

2. The idler noise function

Fα,βza,zb
(ρa) =

〈
σα,βza,zb(ρa)

2
〉
−
〈
σα,βza,zb(ρa)

〉2
. (3.41)

In the syntetic notation the idler fluctuation function becames

Σα,β
za,zb

(ρa) =

ˆ
π(ρb)

d2ρb 〈∆iA,αa+βb∆iB ,b〉

=

ˆ
π(ρb)

d2ρb
〈(
iA,αa+βb − IA,αa+βb

)(
iB,b − iB,b

)〉
=

ˆ
π(ρb)

d2ρbG
(2)(αρa + βρb,ρb)− Ia(αa+ βb,ρb)Ib(ρb)

=

ˆ
π(ρb)

d2ρbΓA,B(αρa + βρb,ρb).

(3.42)
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We obtained a known outcome without the trivial part. The function G(2)(αρa+βρb,ρb)

implement the plenoptic properties that we have already presented. Anyway this quan-

tity is still important to stimate the noise idler function as reads

Fα,βza,zb
(ρa) =

ˆ
π(ρb)

d2ρb1ρb2

[〈
∆iA,αρa+βρb1

∆iB ,ρb1
∆iA,αρa+βρb2

∆iB ,ρb2

〉
−
〈

∆iA,αρa+βρb1
∆iB ,ρb1

〉〈
∆iA,αρa+βρb2

∆iB ,ρb2

〉]
.

(3.43)

To calculate these the Eqs. (3.42) and (3.43) it is fundamental the recursive algorithm

aid which applies the Wick-Isserlis theorem. We start from the first term

〈
σα,βza,zb(ρa)

2
〉

=

ˆ
π(ρb)2

d2ρb1d
2ρb2

×

〈[(
iA(αρa + βρb1)− 〈iA(αρa + βρb1〉

)(
iB(ρb1)− 〈iB(ρ2)〉

)
×
(
iA(αρa + βρb2)− 〈iA(αρa + βρb2〉

)(
iB(ρb2)− 〈iB(ρb2)〉

)]〉

=

ˆ
π(ρb)2

d2ρb1d
2ρb2

〈[(
iA,αa+βb1 − IA,αa+βb1

)(
iB,b1 − IB,b1

)
×
(
iA,αa+βb2 − IA,αa+βb2

)(
iB,b2 − IB,b2

)]〉

=

ˆ
π(ρb)2

d2ρb1d
2ρb2〈∆A,αa+βb1∆B,b1∆A,αa+βb2∆B,b2〉.

(3.44)

The function in the integral is evaluated a recursive algorithm using Mathematica which

is shown in the appendix. The result is a sum of nine term as reads

ΓA,B,aα+βb1,b2ΓA,B,aα+βb2,b1 + ΓA,B,aα+βb1,b1ΓA,B,aα+βb2,b2 + ΓB,B,b1,b2ΓA,A,aα+βb1,aα+βb2

+WA,B,aα+βb1,b1WA,B,aα+βb2,b2WB,A,b1,aα+βb2WB,A,b2,aα+βb1

+WB,B,b1,b2WA,A,aα+βb1,aα+βb2WA,B,aα+βb2,b1WB,A,b2,aα+βb1

+WA,B,aα+βb1,b2WA,B,aα+βb2,b1WB,A,b1,aα+βb1WB,A,b2,aα+βb2

+WB,B,b1,b2WA,A,aα+βb2,aα+βb1WA,B,aα+βb1,b1WB,A,b2,aα+βb2+

+WB,B,b2,b1WA,A,aα+βb1,aα+βb2WA,B,aα+βb2,b2WB,A,b1,aα+βb1+

+WB,B,b2,b1WA,A,aα+βb2,aα+βb1WA,B,aα+βb1,b2WB,A,b1,aα+βb2 .

(3.45)
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The second term of the noise fluctuations function is written in the Eq. (3.46).

〈
σα,βza,zb(ρa)

〉2
=

ˆ
π(ρb)2

d2ρb1d
2ρb2 〈∆A,αa+βb1∆B,b1〉 〈∆A,αa+βb2∆B,b2〉

=

ˆ
π(ρb)2

d2ρb1d
2ρb2

〈(
iA,αa+βb1 − IA,αa+βb1

)(
iB,b1 − IB,b1

)〉
×
〈(
iA,αa+βb2 − IA,αa+βb2

)(
iB,b2 − IB,b2

)〉
=

ˆ
π(ρb)2

d2ρb1d
2ρb2

(
G

(2)
A,B;αa+βb1,b1

− IA,αa+βb1IB,b1
)

×
(
G

(2)
A,B;αa+βb2,b2

− IA,αa+βb2IB,b2
)

=

ˆ
π(ρb)2

d2ρb1d
2ρb2ΓA,B;αa+βb1,b1ΓA,B;αa+βb2,b2

(3.46)

At the end, the most general result of the idler noise function of Eq. (3.43) is

Fα,βza,zb
(ρa) =

ˆ
π(ρb)2

d2ρb1d
2ρb2

[
ΓA,B,aα+βb1,b2ΓA,B,aα+βb2,b1 + ΓA,B,aα+βb1,b1 + ΓB,B,b1,b2ΓA,A,aα+βb1,aα+βb2

+WA,B,aα+βb1,b1WA,B,aα+βb2,b2WB,A,b1,aα+βb2WB,A,b2,aα+βb1

+WB,B,b1,b2WA,A,aα+βb1,aα+βb2WA,B,aα+βb2,b1WB,A,b2,aα+βb1

+WA,B,aα+βb1,b2WA,B,aα+βb2,b1WB,A,b1,aα+βb1WB,A,b2,aα+βb2

+WB,B,b1,b2WA,A,aα+βb2,aα+βb1WA,B,aα+βb1,b1WB,A,b2,aα+βb2+

+WB,B,b2,b1WA,A,aα+βb1,aα+βb2WA,B,aα+βb2,b2WB,A,b1,aα+βb1+

+WB,B,b2,b1WA,A,aα+βb2,aα+βb1WA,B,aα+βb1,b2WB,A,b1,aα+βb2

]
.

(3.47)

Although this result is, in general, quite complicated, its limiting cases lead to simple

expressions in the most experimental setup. It is very important to stress our assumption

to treat the light beam as a photon gas which follows a gaussian distribution to out

perform the Wick-Isserlis theorem. From Statistical Mechanics this is true at high

temperature or at low concentration. Maxwell-Boltzmann distribution become a good

approximation to Bose-Einstein statistics. From the Eqs (2.69) we note that the Eq.

(3.47) has homogeneously all term at the same order considering the coupling between

different points on the same detector, which correlations depend on what pixel is fixed on

the other detector. We investigate the powerful of Eq.(2.69) considering the particular
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case for α = 1 and β = 0. The Eq. (3.41) becames

F1,0
za,zb

(ρa) =

ˆ
π(ρb)2

d2ρb1d
2ρb2

[
3ΓA,B,a,b1ΓA,B,a,b2 + I2

A,aΓB,B,b1,b2+

2IA,aWB,B,b1,b2WA,B,a,b1WB,A,b2,a + 2IA,aWB,B,b2,b1WA,B,a,b2WB,A,b1,a

]
(3.48)

From this last equation we note that the dominant term is I2
A,aΓB,B,b1,b2 since it is present

the square intensity and we assume that intensity is approximably a flat function on the

plane π(ρb), instead the other function are large as its coherence area. Moreover this term

do not carries information because the two detector are uncoupled. The other four term

of type with one intensity and three cross correlation function are more important than

the other three term with the double gamma, which is the lowest term to contribute

to the integral, but the most important term with a strongest coupling between two

detectors. As we can see the latter term is in Eq. (3.36). If we find two different

experimental ways to compute both Eq. (3.36) and Eq (3.48) we have find a way to

isolate the behavior of the other four terms.



Conclusions and outlooks

In this work, we have demonstrated that CPI (Correlations Plenoptic Imaging) can push

plenoptic imaging to its fundamental limits of both resolution and maximum achievable

DOF (Depth of Field): unlike standard PI (Plenoptic Imaging), CPI has no constraints

on image resolution. Still, CPI enables increasing the DOF well beyond the typical

value of standard imaging. The advantages of both standard and plenoptic imaging are

thus combined at best in CPI, whose maximum achievable DOF is solely limited by

interference and diffraction at the object Several technologies have been introduced in

the past years where light correlation properties enable going beyond the capabilities of

standard imaging systems however, in most cases, previous technologies exploited the

correlations in either position or momentum, but not both. The simultaneous use of

both momentum and position correlation has so far only been used for fundamental

demonstrations. In this thesis it is exploited to push the fundamental limits of practical

imaging systems. In conclusion, the final result of Eq. (3.47) represents a powerful and

fundamental mean in order to determine the signal-to-noise ratio of a wide experimental

optic setup which involves the core of plenoptic imaging.

“I see a tremendous amount of intricacy in the world and we have probably only begun

to scratch at the surface of its intricacy.”

Roy J. GLAUBER
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Appendix A

This Appendix is useful to evaluate the lenghy calculation of the chapter 3.

Recursive Isserlis-Wick formula
E[X1 X2 …Xn] :=



i>1

n

E[X1 Xi] E 

j∈{2,..,n}
j≠ i

Xj with n > 2 pari

F is defined as E, solo che anziché prendere un prodotto come 
argomento, prende i singoli Xi  separati da virgole

F[xs__ /; OddQ[Length[{xs}]] ] := 0

F[x_, xs__ /; Length[{xs}] > 1] := With[{ xsl = {xs}},

Total[MapIndexed[F[x, #1]* F @@ Drop[xsl, {First[#2]}] &,

xsl]]

]

SetAttributes[F, Orderless]

An example at 8th-order

Simplify @

(F[a, A, b, B, a, A, b, B] //.

{F[x_, x_] → 0, F[a, b] → 0, F[A, B] → 0})

4 F[a, B]2 F[A, b]2 +

4 F[a, A] F[a, B] F[A, b] F[b, B] + F[a, A]2 F[b, B]2

Simplify @

(F[1, 2, 3, 4, 1, 2, 3, 4] //.

{F[x_, y_ ] /; EvenQ[x - y] → 0 } )

4 F[1, 4]2 F[2, 3]2 +

4 F[1, 2] F[1, 4] F[2, 3] F[3, 4] + F[1, 2]2 F[3, 4]2

Simplify@

(F[1, 2, 3, 4, 1, 2, 3, 4] //.

{F[x_, y_ ] /; EvenQ[x - y] → 0 }) /. F → AngleBracket

4 〈1, 4〉2 〈2, 3〉2 +

4 〈1, 2〉 〈1, 4〉 〈2, 3〉 〈3, 4〉 + 〈1, 2〉2 〈3, 4〉2
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(ia ib)
2 evaluated by the wavefields 

Vm m = a, b
Simplify @

FVa, Va
*, Vb, Vb

*, Va, Va
*, Vb, Vb

*
 //.

F[x_, x_] → 0, F[Va, Vb] → 0, FVa
*, Vb

*
 → 0 /.

F → AngleBracket /. 〈x_, y_〉 → 〈x* y〉

4 〈Vb (Va)
*
〉
2
〈Va (Vb)

*
〉
2
+ 4 〈Va (Va)

*
〉 〈Vb (Va)

*
〉

〈Va (Vb)
*
〉 〈Vb (Vb)

*
〉 + 〈Va (Va)

*
〉
2
〈Vb (Vb)

*
〉
2


% /. Vx_ (Vx_)
*
 → Ιx /. Vx_ (Vy_)

*
 → Wx,y

4 Ιa
2
Ιb
2
+ 4 Ιa Ιb Wa,b Wb,a + Wa,b

2 Wb,a
2



% /. Wx_,y_ * Wy_,x_ → Γx,y

4 Ιa
2
Ιb
2
+ Wa,b

2 Wb,a
2

+ 4 Ιa Ιb Γa,b

% /. Wx_,y_
i_

* Wy_,x_
i_

→ Γx,y
i

4 Ιa
2
Ιb
2
+ 4 Ιa Ιb Γa,b + Γa,b

2
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Definitions to evaluate the formula 
directly by the intensities.

riscriviVI = VA_,x__(VA_,x__)
*

→ iA,x;

riscriviIV = iA_,x__→ VA,x(VA,x)
*;

spezzaSomme = {

〈HoldPattern@Plus[x__]〉⧴ Plus@@Map[AngleBracket,{x}],

〈Times[x_,y__]〉 /;MatchQ[x,_Integer]||

MatchQ[x,_Real]⧴ x〈Times[y]〉

};

flatten = {

〈Times[〈x_〉,y_]〉 → 〈x〉〈y〉,

〈〈x_〉〉 → 〈x〉

};

step = {

AngleBracket[Times[Longest[xs___Power],z___]] ⧴

(AngleBracket[(HoldForm[Times])@@ReleaseHold@Join[

Flatten[Map[Function[x,Array[First[x] &,Last[x]]],

{xs}],1],{z}]] /.

AngleBracket[HoldForm[Times][y_,ys__]] ⧴ With[{ xsl={ys}},

If[ Length[{ys}]>1,

Total[MapIndexed[ AngleBracket[y*#1] *

AngleBracket@(Times@@Drop[xsl,{First[#2]}])

&,xsl ]],

AngleBracket[Times[y,ys]]]])};

flatStep = {

AngleBracket[Times[Longest[xs___Power],z___]] ⧴ Module[

{

lst, x, xsl

},

lst = Join[Flatten[Map[Function[y,Array[First[y] &,

Last[y]]],{xs}],1],{z}];

x = First[lst];

xsl = Rest[lst];

If[ Length[lst]>2,

Total[MapIndexed[ AngleBracket[x*#1] *

AngleBracket@(Times@@Drop[xsl,{First[#2]}]) &,

xsl ]],

AngleBracket[Times@@lst]]]};
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rinomina = 

VA_,x_ (VA_,x_)
*
 → JA,x,

VA_,x_ (VB_,y_)
*
 → WA,B,x,y,

WA_,B_,x_,y_ WB_,A_,y_,x_ → ΓA,B,x,y

(*WA1_,B1_,x1_,y1_ WA2_,B2_,x2_,y2_ → ΓA1,B1,x1,y1,A2,B2,x2,y2*)

;

prodottiNulli = 

〈x_ x_〉 → 0,

〈VA_,x_ VB_,y_〉 → 0,

(VA_,x_)
*
(VB_,y_)

*
 → 0

;
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〈ΔA,α a+β b1 ΔB,b1〉

〈ΔA,α a+β b2 ΔB,b2〉 =

〈ΔA1 ΔB1〉 〈ΔA2 ΔB2〉 = 〈Δ1〉 〈Δ2〉

ΔA1=iA,α a+β b1-iA,α a+β b1;

ΔA2=iA,α a+β b2-iA,α a+β b2;

ΔB1=iB,b1-iB,b1;

ΔB2=iB,b2-iB,b2;

Δ1 =ΔA1 ΔB1//Expand;

Δ2 =ΔA2 ΔB2//Expand;

〈Δ1〉 〈Δ2〉

% //. spezzaSomme ;

Expand[%] //. flatten;

% //. riscriviIV;

% /. step;

%/.prodottiNulli;

%//Simplify

% //. riscriviVI

% //.rinomina

% //Expand;

iA,a α+β b1 iB,b1 - iB,b1 iA,a α+β b1 -

iA,a α+β b1 iB,b1 + iA,a α+β b1 iB,b1

iA,a α+β b2 iB,b2 - iB,b2 iA,a α+β b2 -

iA,a α+β b2 iB,b2 + iA,a α+β b2 iB,b2

VB,b1 VA,a α+β b1
*
 VB,b2 VA,a α+β b2

*


VA,a α+β b1 VB,b1
*
 VA,a α+β b2 VB,b2

*


VB,b1 VA,a α+β b1
*
 VB,b2 VA,a α+β b2

*


VA,a α+β b1 VB,b1
*
 VA,a α+β b2 VB,b2

*


ΓA,B,a α+β b1,b1 ΓA,B,a α+β b2,b2
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〈ΔA,α a+β b1 ΔB,b1 ΔA,α a+β b2 ΔB,b2〉 =

〈ΔA1 ΔB1 ΔA2 ΔB2〉 = 〈Δ1 Δ2〉

〈Δ1 Δ2〉;

% //ExpandAll ;

% //. spezzaSomme //. flatten //. riscriviVI ;

% //. riscriviIV ;

% /. step //. prodottiNulli // ExpandAll ;

% /. step //. prodottiNulli // ExpandAll ;

% /. step //. prodottiNulli // ExpandAll ;

% //. rinomina

% /.HoldPattern[Plus[x__]]⧴ Length@{x}

WA,B,a α+β b1,b1 WA,B,a α+β b2,b2 WB,A,b1,a α+β b2 WB,A,b2,a α+β b1 +

WA,B,a α+β b1,b2 WA,B,a α+β b2,b1 WB,A,b1,a α+β b1 WB,A,b2,a α+β b2 +

WA,A,a α+β b1,a α+β b2 WA,B,a α+β b2,b1 WB,A,b2,a α+β b1 WB,B,b1,b2 +

WA,A,a α+β b2,a α+β b1 WA,B,a α+β b1,b1 WB,A,b2,a α+β b2 WB,B,b1,b2 +

WA,A,a α+β b1,a α+β b2 WA,B,a α+β b2,b2 WB,A,b1,a α+β b1 WB,B,b2,b1 +

WA,A,a α+β b2,a α+β b1 WA,B,a α+β b1,b2 WB,A,b1,a α+β b2 WB,B,b2,b1 +

ΓA,B,a α+β b1,b2 ΓA,B,a α+β b2,b1 +

ΓA,B,a α+β b1,b1 ΓA,B,a α+β b2,b2 + ΓA,A,a α+β b1,a α+β b2 ΓB,B,b1,b2

9



89

Fα,β
za,zb (ρa) =

〈Δ1 Δ2〉 - 〈Δ1〉 〈Δ2〉

〈Δ1 Δ2〉-〈Δ1〉 〈Δ2〉;

(* Per mostrare i passaggi intermedi togliere il ; alla fine della riga *)

% //ExpandAll ;

% //. spezzaSomme //. flatten //. riscriviVI ;

% //. riscriviIV ;

% /. step //. prodottiNulli // ExpandAll ;

% /. step //. prodottiNulli // ExpandAll ;

% /. step //. prodottiNulli // ExpandAll ;

% //. rinomina

% /.HoldPattern[Plus[x__]]⧴ Length@{x}

WA,B,a α+β b1,b1 WA,B,a α+β b2,b2 WB,A,b1,a α+β b2 WB,A,b2,a α+β b1 +

WA,B,a α+β b1,b2 WA,B,a α+β b2,b1 WB,A,b1,a α+β b1 WB,A,b2,a α+β b2 +

WA,A,a α+β b1,a α+β b2 WA,B,a α+β b2,b1 WB,A,b2,a α+β b1 WB,B,b1,b2 +

WA,A,a α+β b2,a α+β b1 WA,B,a α+β b1,b1 WB,A,b2,a α+β b2 WB,B,b1,b2 +

WA,A,a α+β b1,a α+β b2 WA,B,a α+β b2,b2 WB,A,b1,a α+β b1 WB,B,b2,b1 +

WA,A,a α+β b2,a α+β b1 WA,B,a α+β b1,b2 WB,A,b1,a α+β b2 WB,B,b2,b1 +

ΓA,B,a α+β b1,b2 ΓA,B,a α+β b2,b1 + ΓA,A,a α+β b1,a α+β b2 ΓB,B,b1,b2

8



Appendix B

This Appendix is useful to evaluate the lenghy calculation of the chapter 2.

Computation of coherence 
spread function for thin finite 
size lens 
Solving the integral

In this section we want to prove that the integral which appear in the (CSF) coherence 
spread function is  the Bessel function J1 .

r =
ρ0

s0
+

ρi

si
;

f[a_, ρ0_, ρi_, k_, s0_, si_] = 
0

a


-π

π

ρl Exp-ⅈ k ρl
ρ0

s0
+

ρi

si
Cos[θ] ⅆθ ⅆρl

a2 π Hypergeometric0F1Regularized2, -
1
4
a2 k2 

ρ0
s0

+
ρi
si


2


f[a_, r_, k_] = 
0

a


-π

π

ρl Exp[-ⅈ k ρl r Cos[θ]] ⅆθ ⅆρl

2 a π BesselJ[1, a k r]
k r

Manipulate

PlotEvaluatef[a, r, 1],
Sin[a r ]

r
, {r, 0, 2}, PlotRange → All,

ImageSize → Large,

{{a, 0, "a=raggio della lente"}, 0, 20, 1, Appearance → "Labeled"},

SaveDefinitions → True
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a=raggio della lente 10

0.5 1.0 1.5 2.0

-50

50

100

150

200

250

300

Assuminga > 0, A 
-∞

+∞

f[a, r, 1] ⅆr

4 a π

Assuminga > 0 && k > 0, A 
0

+∞

Exp-r2
a

r
f[a, r, k] r ⅆr

1

2
a3 A ⅇ

-
1
8
a2 k2

π
3/2 BesselI0,

a2 k2

8
 + BesselI1,

a2 k2

8
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CSF(ρi, ρo)
2

In this section we want to convince that when the lens size increases, the coherence 
spread function tend to a point-like behavior as shown in the figure for a=2,3,4,5 cm.

A = 1;

s0 = 1;

si = 1;

CSF[k_, ρ0_, r_, a_] :=
1

s0 si

k a ρ0

r
BesselJ[1, a k r]

Manipulate

PlotEvaluateCSF[1, 1, r, a]2, CSF[1, 1, r, 2]2, CSF[1, 1, r, 5]2,

CSF[1, 1, r, 4]2
, {r, 0, 2}, PlotRange → All, ImageSize → Large,

AspectRatio → Full, PlotRange → {-10, 10},

AxesLabel → {Style["r", Black, FontSize → 16],

Style["J1(r)", Black, FontSize → 16]}

,

{{a, 2, "a is the lens aperture"}, 0, 20, 1, Appearance → "Labeled"},

SaveDefinitions → True



Appendix C

This Appendix shows an example of ghost imaging for a test target USAF obtained in

laboratory. The code is written in Mathematica. The schematic experimental setup is

shown in fig. ().

Figure 8: Experimental setup for the ghost interference with chaotic light. The chaotic
radiation is divided by a beam splitter. In one of two arm the light passes throughout

the target and we measure the correlations with the intensity on the other arm.
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Correlation Plenoptic Imaging with camera

DateString[](* → notebook version *)

Mon 9 Oct 2017 18:40:44

$HistoryLength = 0(* Specifies the number of previous lines of

input and output to keep in a Wolfram System session. *)

0

SetDirectory["C:\\Users\\D'Angelo\\Desktop\\GI_Giovanni\\data"];

filename = FileNames[];

Nt = Dimensions[filename][[1]]

50 000

G
(1)

G1 = 0;

Monitor[

time = Do[G1 = G1 + Import[filename[[t]], "Data"], {t, 1000}] //

AbsoluteTiming,

{ProgressIndicator[t/ 1000], t}];

G1 = Reverse[G1];

DMSList[{0, 0, time[[1]]}]

{Ny, Nx} = Dimensions[G1]

{0, 0, 54.7032}

{720, 960}

δp = 2 × 3.63 × 10-3;(* pixel size *)

xi[x_] := δp x -
Nx + 1

2
;

yi[y_] := δp y -
Ny + 1

2
;
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Spatial distribution

Na = 300; ax1 = 620; ay1 = 200;

Nb = 300; bx1 = 100; by1 = 175;

{ax2, ay2, bx2, by2} = {Na, Na, Nb, Nb} + {ax1, ay1, bx1, by1} - 1;

{xi[{ax1, bx1}] + xi[{ax2, bx2}], yi[{ay1, by1}] + yi[{ay2, by2}]}/ 2

Δ = δp ({Na, Nb} - 1)

p0 = Show[ImageReflect[ImageAdjust[Image[G1]]],

Graphics[{EdgeForm[{Red, Dashed}], FaceForm[],

Rectangle[{ax1, ay1}, {ax2, ay2}], Rectangle[{bx1, by1}, {bx2, by2}]}],

ImageSize → Large]

{{2.09814, -0.07986}, {-1.67706, -0.26136}}

{2.17074, 2.17074}

NB = 150;

δb = δp Nb/ NB;

Print"data = ", 2. × 10-9 Nt Na2 + NB2, " GB";

data = 11.25 GB

La RAM necesaria è almeno il doppio!

ListPlot3D[G1/ Nt, DataRange → {{xi[1], xi[Nx]}, {yi[1], yi[Ny]}},

PlotRange → All, AxesLabel → {"x (mm)", "y (mm)"}, ImageSize → Large]
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Subframe - Reading data

A = {}; B = {};

Monitor[

time = Do[frame = ImageReflect[Import[filename[[t]]]];

AppendTo[A, ImageTake[frame, {ay1, ay2}, {ax1, ax2}]];

AppendTo[B, ImageTake[frame, {by1, by2}, {bx1, bx2}]];

B[[t]] = ImageResize[B[[t]], Scaled[NB/ Nb]],

{t, Nt}] // AbsoluteTiming,

{ProgressIndicator[t/ Nt], t}];

10-9. {MaxMemoryUsed[], ByteCount[A] + ByteCount[B]}(*GB*)

DMSList[{0, 0, time[[1]]}]

{11.5167, 11.2956}

{1, 16, 1.92854}

G1a = Image[Fold[ImageData[#2] + #1 &, 0 , A]/ Nt];

G1b = Image[Fold[ImageData[#2] + #1 &, 0 , B]/ Nt];

Clear[frame];
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Ghost

Σg = 0;

Monitor[

time =

Do[Σg = Σg + ImageData[ImageSubtract[A[[t]], G1a]]

Total[ImageData[ImageSubtract[B[[t]], G1b]], {1, 2}], {t, Nt}] //

AbsoluteTiming,

{ProgressIndicator[t/ Nt], t}];

DMSList[{0, 0, time[[1]]}]

{0, 5, 2.17159}

p1 =

Grid[{{Show[ImageReflect[ImageAdjust[G1a]], ImageSize → Medium],

Show[ImageReflect[ImageAdjust[Image[Σg]]], ImageSize → Medium]}}]

Data & Plot saving

SetDirectory["C:\\Users\\D'Angelo\\Desktop\\GI_Giovanni"];

Export["gi.wdx", Σg];
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